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ABSTRACT

The safe and responsible deployment of machine learning in real-world applications
requires learned models to satisfy critical safety, reliability, and interpretability constraints
without compromising predictive accuracy or computational efficiency. This work addresses
the challenge of enforcing three such critical properties: properness, adversarial robustness,
and discrete Lipschitz continuity. Expressing these properties as global constraints to be
enforced throughout training makes the problem computationally expensive.

To overcome this, we propose a framework based on “local correctors”™—efficient query-
time procedures that transform a base hypothesis satisfying a relaxed constraint into one
that strictly satisfies the target property. This localized approach reduces the complex
globally constrained optimization task during training to a relaxed version, which can then
be solved efficiently using polynomial approximation methods and standard optimization
techniques. We design and analyze several such local correction algorithms and build learners
and testers around them, producing provably safe and interpretable learned models with
efficiency comparable to that of traditional learning.
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Modern learning algorithms are often asked to do more than predict accurately. In many
applications, a hypothesis is also expected to satisfy a structural guarantee: a credit model
should respect monotonic relationships between features and outcomes, a data-analysis model
should not reveal sensitive information about any individual in the dataset, and an image
classifier should, for most inputs, not change its decision under imperceptible perturbations of
the input. Such properties are desired by users and regulators alike as aspects of safety and
interpretability, and they are often formalized as global constraints on the function computed
by the learned model. They constrain the behavior of the learned hypothesis not only at a
small collection of test points, but across a large domain of possible inputs.

This thesis studies a unified algorithmic approach to learning predictors that comply with
such constraints, in settings where the learner runs much faster than the time it would take
to check the constraints at every point in the domain. Rather than explicitly constructing the
entire compliant hypothesis, we build efficient local correction algorithms that make queries
to a hypothesis that is “mostly” compliant and answer queries to a nearby hypothesis that is
strictly compliant. The algorithmic toolbox for this approach is that of local computation
algorithms (LCAs) [3,103] and local reconstruction or local correction |76,104]. An LCA
computes a small portion of a large object while inspecting only a small portion of its input.
A local corrector is a special type of LCA that, given query access to an object that is close
to satisfying a property, provides query access to a nearby object that satisfies the property
exactly.

The central theme of this thesis is that local correction can turn efficient algorithms for
solving an easier, relaxed version of the problem into efficient algorithms for the original
problem, without paying the cost of constructing the entire corrected object in a more explicit
form. In the chapters that follow, this paradigm appears in two well-studied learning settings:
adversarially robust learning of halfspaces and proper learning of monotone functions. In
each case, the computational obstacle is a global structural constraint that would be, in
general, computationally intractable to even verify. In each case, the solution is to combine
an efficient relaxed optimization or approximation step with a local algorithm that enforces
the desired structure at query time. Finally, we show that a similar approach can be used in
a third, non-learning setting: local correction of the discrete Lipschitz property, which allows
for black-box differentially private function evaluation and tolerant testing of Lipschitzness.

1.1 Property Relaxation and Local Correction

The properties we study in this work can each be stated as the intersection of many local
constraints on nearby points in a domain. For example, a classifier over R¢ is adversarially
robust at radius r if most points in the data distribution are not within distance r of the
classification boundary; the corresponding local constraint at a point x is that no other point
within distance r of x has a different label. A classifier is monotone if increasing a coordinate
never decreases the label value; the corresponding local constraint at x is that no successor to
x has a smaller label. These definitions are local in form, but satisfying them globally imposes
an enormous system of constraints. In the case of monotonicity, the number of constraints is
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at least exponential in the dimension of the domain, and in the case of adversarial robustness,
it is infinite. An efficient learner cannot hope to even read the value of the function at every
point in the domain, let alone check all of the constraints.

An efficient learner can, however, produce hypotheses that are close to satisfying these
constraints. In both of the learning problems that we consider, the target function classes
(linear threshold functions, monotone functions) are well-approximated in ¢; distance by
low-degree polynomials, over the data distributions that we consider. Furthermore, the set of
low-degree polynomials that are e-close in ¢; distance to a function satisfying the property is
a convex set, so convex optimization can find an error-minimizing polynomial within that set.

This reduces the problem of learning a robust or monotone classifier to the problem of
finding a nearby robust or monotone classifier, given a polynomial that is e-close in ¢; distance
to a classifier that has the property. From a sample complexity perspective, then, there is no
obstacle to learning a function that satisfies these properties, since with unbounded running
time a learner could search for such a nearby classifier by brute force. Thus, the focus of this
work is to make that process more efficient in running time. More specifically, we aim for the
running time of this step not to exceed the running time of the convex optimization step, up
to polynomial factors. To this end, we employ a strategy of local reconstruction, which takes
advantage of the fact that the properties we consider can be expressed as a system of local
constraints.

The framework of local property reconstruction, which is the framework used in this
thesis, traces its roots as far back as random self-reducibility in cryptography [108|, and was
introduced in the non-unique-decoding setting by Ailon, Chazelle, Seshadhri, and Liu [1]. Tt is
one of the fundamental tasks studied in the area of local computation [3,103|, property testing,
and sublinear-time algorithms. It has been studied for properties of functions, including
monotonicity [10,16,84,85,104] and the Lipschitz property [10,76], as well as for properties of
graphs [27].

Intuitively, a local reconstructor for some property of functions is a randomized algorithm
that gets oracle access to a function f and provides query access to a related function g
that is guaranteed to have the property. The goal in the design of local reconstructors is to
minimize the running time and the number of lookups, i.e., oracle calls to the input function
f. In our learning problems, the oracle to f is the “almost-compliant” hypothesis produced
by the convex optimization step, and the output function g is the hypothesis we actually
return; that is, the fully compliant hypothesis.

1.1.1 LCAs and Succinct Representations of Large Objects

Among the many distributed and local computation models, the one that turns out relevant
to us is the local computation algorithm (LCA) model [3,103|, defined formally in Section 2.3.
In brief, to be an LCA, an algorithm should be local in the sense that it should not need to
read the entire assignment of labels to vertices in order to determine which label will end up
at some particular vertex x. It should suffice to read only the labels of vertices that lie in a
restricted neighborhood of z.
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In this work we also employ the concept of a succinct representation (Definition 8) as a tool
for analyzing the time complexity of correcting a hypothesis using LCAs and the description
size of the final hypothesis. For example, in Chapter 4, the succinct representations we deal
with will have size and evaluation time 20V4/2). To be fully specific, we consider succinct
representations of two types of objects:

e A succinct representation of a function f : {£+1}¢ — R is an algorithm that, given
z € {+1}9, computes f(x) in time 200Vd/%).

e A succinct representation of a (possibly weighted) graph G with the vertex set {#1}¢
is an algorithm that, given v € {£1}4, outputs all its neighbors and the weights of
corresponding edges in time 20(V4/¢),

A polynomial of degree O(\/E) is an example of a succinct representation, but another type
of representation that makes frequent appearances in this work is in fact an LCA. An LCA
efficiently computes a function over a large domain. For example, an LCA for an independent
set takes as input some vertex v, makes some lookups to the adjacency list of the graph, then
outputs “yes” or “no” so that the set of vertices for which the LCA would output “yes” forms
an independent set. Typically, its running time and query complexity are each sublinear in
the domain size.

Though not a requirement of LCAs in general, we require that all LCAs used in this work
have outputs consistent with one global object, regardless of the order of user queries, and
without remembering any history from previous queries. This property allows us to use the
LCA, in conjunction with any succinct representation of the object it makes oracle queries
to, as a succinct representation of the object it computes. This yields an efficient “global
correction by local correction” strategy, since an LCA for local correction makes oracle queries
to a function that nearly has the desired property, and we have a succinct representation of
such a function as the output of our convex optimization step. We formalize this relationship
in Section 2.3.

In addition to [64], on which much of this thesis builds, there have been many exciting
recent works on local computation algorithms (LCAs). Some examples include [103], [3], [90],
[70], [101], [58], [63], [34], [57], [99], [65],[89], [7], [24] and [72].

1.2 Organization of the Thesis

This thesis is organized into a preliminaries section and three technical chapters, each of
which presents a different application of local correction.

Chapter 2, the preliminaries, collects definitions and background used throughout the
thesis, including more formal facts about local computation algorithms, standard results from
learning theory, and common notation.

Chapter 3, outlined in Section 1.3, presents the adversarially robust agnostic learner for
halfspaces. This work is joint with Arsen Vasilyan, and was published in [36].
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Chapter 4, outlined in Section 1.4, develops the proper and agnostic learning algorithm for
monotone functions and the local corrector for monotonicity. This chapter combines material
from two publications; [84|, which is joint with Ronitt Rubinfeld and Arsen Vasilyan, and
[85], which is joint with Arsen Vasilyan.

Chapter 5, outlined in Section 1.5, gives the local Lipschitz filters for bounded-range
functions, their lower bounds, and applications to differential privacy and tolerant testing.
This work is joint with Ephraim Linder, Sofya Raskhodnikova, and Arsen Vasilyan, and was
published in [83].

1.3 Adversarially Robust Learning of Halfspaces

The first technical chapter studies adversarial robustness for classifiers over R%. A classifier
is robust at radius r if, with probability at least 1 — O(r) over x drawn from the input
distribution, every point within distance r of x receives the same label. This probability
is the complement of what we call the boundary volume of the classifier at radius r: the
probability that a random point lies within distance r of the classification boundary. When
combined with classification error, it gives an upper bound on the robust risk, which is the
total probability that a random point is misclassified under adversarial perturbations.

Formally, for a distribution D over inputs and a Boolean classifier f, the boundary volume
at radius r is

Boundaryp ,.(f) = Prop[32 : ||2]la < 7 and f(z) # f(z + 2)].

There is a large body of research on adversarial robustness in machine learning, the focus of
which is to assess the robustness of classifiers commonly deployed in practice — see [17,69,107],
as well as [82] for an overview of the topic. It is well known that deep networks trained on
classic benchmark data sets, such as ImageNet, can be “tricked” into misclassifying a test
input by making a perturbation so small that it cannot be detected by humans, and that
training robust models is a challenge in practice.

The objective of the robust-learning chapter is to compete with linear threshold functions
(halfspaces), one of the most basic and well-known concept classes. These functions have
boundary volume O(r) under the distributions we consider (subgaussian isotropic log-concave
distributions). As a robustness benchmark, we consider the robustness of a proper learning
algorithm — one that outputs a hypothesis that is a halfspace. A proper agnostic learner
would output a hypothesis with the following guarantees:

e Agnostic approximation: Pr(,,.ply # h(x)] < opt+e¢, where opt is the classification
error of the best halfspace, and

¢ Adversarial robustness: Boundaryy .(h) < O(r).

However, the state of the art for agnostically learning halfspaces is an improper algorithm
— an algorithm that does not output a halfspace, but instead outputs a polynomial threshold
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function (PTF). Polynomial regression with randomized rounding learns halfspaces over
N(0, I;) with time and sample complexity dO(1/e*) and satisfies the accuracy guarantee [46,77].
In fact, the efficiency of polynomial regression is due to the inherent robustness of halfspaces
— their small surface area! However, there exist degree-1/e? PTFs with boundary volume
Q(1) even at a small radius of perturbation,! and this algorithm makes no guarantee that its
output is robust.

No proper agnostic learning algorithm with 2°¥ running time for general subgaussian
isotropic log-concave distributions is known, and for the Gaussian distribution the state
of the art for proper learning is d°(/ ) [48]. The complexity of proper learning in these
settings is still an open question.We circumvent the possible difficulty of proper learning by
giving an improper algorithm that still satisfies both the accuracy and robustness properties.
Our algorithm has time and sample complexity d°/¢*) matching the run-time of the best
(improper and non-robust) agnostic learning algorithm [46]. Up to polylogarithmic factors in
the exponent, this also matches the statistical query lower bound for agnostically learning
halfspaces [49].

1.3.1 Main Result

Our main result is an improper agnostic learner (Algorithm 1) for halfspaces that outputs an
adversarially robust hypothesis.

Theorem 1 (Adversarially robust learning of halfspaces, informal version of Theorem 10). Let
D be a distribution over RY x {—1,1} such that the R%-marginal is subgaussian, isotropic, and
log-concave. There is an algorithm that takes a robustness radius r, an accuracy parameter
g, and a sample of size do/=*) from D. With high probability, it outputs a hypothesis
h:RY — {—1,1} with the following guarantees:

e Agnostic approximation: Pr ,.p[h(x) # y| < opt + O(e), where opt is the classifi-
cation error of the best halfspace.

o Adversarial robustness: Boundary,, ,.(h) < O(r).

1.3.2 Technical Overview and Intermediate Results

Our algorithm and its analysis have three main components, which may be of independent
interest. Two of the components solve a relaxation of the robust learning problem, and
the third transforms the almost-robust hypothesis into a robust one. The relaxed learner
produces a hypothesis with small noise sensitivity (a notion of boundary volume with
random perturbations instead of adversarial perturbations) and small isolation probability
(the probability that the local noise sensitivity around a point is very high). To formally
define these two quantities, we need the following notion:

2

!Consider the PTF Sign(H;fl x;), which has boundary volume Q(1) over N(0, 1) at any radius > 2.
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Definition (Local noise sensitivity). We define the local noise sensitivity ¢.,(x) at noise
scale n as

brafa) = B HF@) = Flo+n2)]]

We remark that when f is Boolean-valued, this is equivalently

Gra(w) = Pr [f(z) # f(z+n2)].

2~N(0,14)
We now define the noise sensitivity and the isolation probability:

Definition (Distributional noise sensitivity). The noise sensitivity of a function f at noise
scale n on distribution D s defined as

NSp,(f) = B [05,(2)]. (1)

We remark that when D = N(0, I;), our definition of distributional noise sensitivity
differs from the standard definition of Gaussian noise sensitivity.

Definition (Isolation probability). We call a point isolated if its local noise sensitivity is
over a threshold. The isolation probability of a function f relative to a threshold t is

is0p,(f1) == PL[og,(x) > 1]

Intuitively, a function can have low distributional noise sensitivity and still not be
adversarially robust, if the classification boundary lies near many isolated points scattered
throughout the domain. For this reason, after learning a hypothesis with low noise sensitivity,
we apply the local correction algorithm which we describe below, which eliminates regions of
high local noise sensitivity (isolated points).

Local correction of adversarial robustness (Algorithm 3)

We analyze a very simple LCA that makes queries to a function and outputs queries to a
nearby function with reduced boundary volume. This algorithm estimates the local noise
sensitivity at x, and changes the label of = if the local noise sensitivity is too high. This
is, in essence, the smoothing procedure discussed in [39,87,91], shown to be quite successful
experimentally. We give formal guarantees on the boundary volume and the error introduced
by the smoothing procedure in terms of the relaxed robustness properties of the input function
(the noise sensitivity and isolation probability).

Lemma 1.3.1 (Local corrector for adversarial robustness, informal version of Theorem 16).
Let e,a, 3,7 € (0,1). Let f : RY — {—1,1} be a degree-k polynomial threshold function
with noise sensitivity < « and isolation probability < 3. There is an efficient randomized
algorithm ROBUSTNESSLCA that makes black-box queries to f and answers black-box queries
to a function g : R* — {—1,1} that satisfies the following with high probability:
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e Adversarial robustness: Boundaryp, < O(a +¢).
e Small distance: Pr,plg(z) # f(x)] < OB +¢).

We use this algorithm in a “deterministic” fashion, where all calls to the local corrector
share the same random seed, which is good with high probability. When the random seed is
good, the guarantees hold for all z € R%.? This allows us to append the local corrector and
its fixed seed to some degree-k PTF, creating a deterministic robust hypothesis that can be
evaluated in d°®) time.

From the guarantees of the local corrector and the desired guarantees of the overall
algorithm, we determine that we must feed the local corrector a PTF of error opt + O(¢),
noise sensitivity O(r), and isolation probability O(e).

Polynomial regression under noise sensitivity constraints (Algorithm 2)

Our first step in finding such a PTF is to learn a polynomial with low error, noise sensitivity,
and isolation probability in the ¢;-distance regime.

Theorem 2 (Learning a polynomial, informal version of Theorem 11). There is an algorithm
with time and sample complexity d?(l/EQ) that takes samples from the distribution D and, with
high probability, returns a degree-O(1/€?) polynomial p with the following properties:

e Accuracy: err(p) < opt+ O(e),
e Low noise sensitivity: NS(p) < O(r +¢), and
e Low isolation probability: iso(p) < O(e).

We achieve this with convex programming. The ¢; noise sensitivity is a convex constraint,
and we use a convex upper bound on the ¢; analogue of the isolation probability. We minimize
error over the set of degree-O(1/£?) polynomials under these constraints. To show that a
feasible polynomial of error opt + O(e) exists, we show that the halfspace-approximating
polynomial given in [46] satisfies the constraints under any subgaussian isotropic log-concave
distribution.

Randomized partitioning and rounding (Algorithm 5, Algorithm 4)

With p in hand, we must then round p to some polynomial threshold function sign(p —t) that
satisfies the error, noise sensitivity, and isolation probability constraints. Simply rounding at
a uniformly random threshold ¢ ~ [—1, 1], as in [77], does result in error opt + O(e), noise
sensitivity O(r), and isolation probability O(g) in expectation, but does not guarantee that

2We remark that in a setting where each call to the corrector is allowed to fail independently with
probability , the query complexity can be reduced from d°®) -log(1/8)/e? to O(log(1/6)/e?) and the
assumption that f is a degree-k PTF can be dropped. This is not applicable in our setting but might be
desired in a non-learning application of local correction for robustness.
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the conditions ever hold simultaneously for the same ¢. Thus, running the local corrector on
just one rounded function would not guarantee a hypothesis with the right properties. In
this step, we find a “deterministic mixture” of rounded functions that simultaneously satisfies
the three conditions: a partition of the domain into parts, where each part is rounded at a
different threshold. The corrector is run on each part separately.

A first attempt at finding such a partition would be to allow it to have O(1/e?) parts.
Observe that the error, noise sensitivity, and isolation probability concentrate with deviation
e when averaging over O(1/¢?) random thresholds. Thus, an equal-weighted mixture of
O(1/¢?%) independent random roundings would satisfy all of the guarantees simultaneously
with high probability. But suppose we partitioned the domain into 1/¢% sets of equal mass

— we cannot guarantee robustness for any point near the boundaries of these sets, and the
total volume of these boundaries scales inversely with ¢, which is undesirable. To minimize
the increase in boundary volume due to partitioning, it is necessary to find a partition of
constant size.

We show that there exists a mixture of four rounded functions satisfying all the constraints
simultaneously by applying Carathéodory’s theorem (|29]), and we find the mixture by linear
programming.

To understand how to turn the mixture into a partition, consider the example of handling
just the error when y is a deterministic function of . The error of the mixture is

Z w; - err(sign(p — t;)) < opt + O(e),

i€[4]

where w; is the mixing weight of the i® PTF. For each i in the mixture, there is a set of
volume err(sign(p — t;)) consisting of the points misclassified by sign(p — ;). We want to
partition the domain such that a w;-fraction of this set falls into the i*" part, so that

Z 1[z is in the " part and y # sign(p(z) — t;)] = Z w; - err(sign(p — t;)).
ic[4] i€[4]

We cite a theorem of [43|, which says, essentially, that projecting on a random unit vector
causes the set to be very close to normally-distributed with high probability. Thus, our
partition is according to the inner product with a random unit vector u, and the parts are
intervals Ji, ..., Jy of Gaussian mass wy, ..., w, respectively. With high probability, the sets
of misclassified points and the sets for which robustness is guaranteed by the corrector are all
partitioned with the correct weights.

Theorem 3 (Randomized partitioning, informal version of Theorem 12). Let p be a polynomial
satisfying the guarantees of Theorem 2. There is an algorithm that outputs a unit vector u,
rounding thresholds t1, ..., ts, and a partition of the real line into intervals Jy, ... Jy such that
the hypothesis

h(z) =Y RoBUSTNESSLCA(sign(p(z) — t;)) - 1[(z,u) € Ji]

has the following properties with high probability:
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e Accuracy: err(h) < opt+ O(e),
e Robustness: Boundaryp .(h) < O(r +¢).

The time complexity is d00/e)

1.3.3 Verifiable Robustness

The work of [67] discusses the planting of “backdoors” in learned classifiers — structured
violations of the robustness condition — and the impossibility of efficiently distinguishing
a robust model from a backdoored one in the most general case. The takeaway is that
when training is performed by an untrusted service, it is not generally possible to verify that
a hypothesis is robust, even if a description of the hypothesis is available. However, our
learning algorithm produces a hypothesis with a specific structure that can be checked, and
the reduced expressivity of this structure allows robustness to be verifiable. Under complexity
assumptions, the robustness of our algorithm’s output can be verified in the following way:

Corollary 1 (Deterministic verifiability, informal version of Corollary 6). If P = BPP, then
there is a learning algorithm B that, given access to labeled samples from a subgaussian
1sotropic log-concave distribution, runs in time d°U/e*) and produces a hypothesis h with the
following guarantees®:

e Agnostic approximation: h satisfies Pr(,ph(z) # y] < opt + O(e), where opt is
the misclassification error of the best halfspace.

e Verifiable robustness: There is an efficient deterministic verifier that takes as input
a hypothesis g and a point x € RY, and always rejects if

¢ ||zl < 7 and g(x) # gla+ 2).

If g is the output of B, then the verifier accepts with probability at least 1 — O(r + ¢)
over x drawn from D.

As a result, training can be done entirely by an untrusted service that claims to be using
our learning algorithm, but may not be. The verifier checks whether the hypothesis matches
the format our learning algorithm produces, rejects if it does not match, and performs a
robustness test that is sound if it does match. The user must trust that the error of the
hypothesis really is opt+O(e), but does not have to place any trust in the service to guarantee
robustness — there is a deterministic algorithm that the user can perform to verify that
most points are not near the boundary. Furthermore, in a setting where the user performs
some of the construction of the hypothesis (but need not access any training data), verifiable
robustness can be made unconditional, but the soundness of the verifier can fail with small
probability over the randomness of the hypothesis construction.

3 Agnostic approximation holds with high probability, whereas verifiable robustness always holds (deter-
ministically).
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1.4 Proper and Agnostic Learning of Monotone Functions

The study of learning and testing algorithms for monotone functions [1,4,12,23,25,32,33,36—
38,54,66,79,81,84,96,97] and various subclasses of monotone functions [5,22,75,111] is a major
research direction. In Chapter 4, we consider two fundamental problems in this line of work:
approximating the distance of unknown functions to monotone, and agnostic proper learning
of monotone functions. For each of these problems we are given independent uniform samples
{x;} labeled by an arbitrary function f : {#1}¢ — {£1}, and we perform the following tasks:

1. Estimating distance to monotonicity is the task of estimating up to some additive
error € the distance dist(f, fmon) from f to the monotone function fno, that is closest

to f.

2. Agnostic proper learning of monotone functions is the task of obtaining a
description of a monotone function gpen, whose distance dist(f, gmon) approximates
dist(f, fmon) up to additive error e.

For over 25 years there has been a large statistical-to-computational gap in our understanding
of the agnostic learning problem. A 20(Vd/e)_time improper learning algorithm — that is, an
algorithm that outputs a predictor f that is accurate but not guaranteed to be monotone
— is given in [25]. One could use the output of this algorithm to obtain a monotone § by
computing f on every element of {—1,1}¢ and solving a linear program to obtain the closest
monotone function to f. Although this gives a 90(Vi/e)
is 244 No proper learning algorithm with faster run-time (i.e. 2°9) was known.

Through a new connection with LCAs, we close this gap by giving a 90(Vi/e)
algorithm for this problem. Note that the running time essentially matches that of the
aforementioned improper learning algorithm of [25]. Moreover, our algorithm is essentially

optimal, due to the 2%V query lower bound of [20].

-sample algorithm, the running time

-time

1.4.1 Main Results

The following are our main results: learning and distance approximation of Boolean functions,
and local correction of real-valued functions.

Theorem 4. [Agnostic proper learning of monotone functions®| There is an algorithm that

runs in time 20< c ) and, given uniform sample access to an unknown function f : {jzl}d —
{£1}, with probability at least 1 — 2%, outputs a succinct representation of a monotone
function g : {:I:l}d — {£1} that is opt+O(e)-close to f, where opt is the distance from f
to the closest monotone function (i.e. the fraction of elements of {il}d on which f and its
closest monotone function disagree).

The corollary below follows immediately by the standard method of [98] that runs the
learning algorithm in Theorem 4 and estimates the distance between g and f.

4See Section 4.9 for an extension to functions with randomized labels.
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Corollary 2 (Additive distance-to-monotonicity approximation). There is an algorithm with

5( Vd
running time and sample complexity 20( : ) that outputs some estimate est of the distance
from f to the closest monotone function fmen. With probability at least 1 — 279+ this
estimate satisfies the guarantee

diSt(f7 fmon) <est < di5t<f7 fmon) + O(E)

Our main result, Theorem 4, builds on an algorithm that is also of independent interest.
It is a local corrector for real-valued functions that are close to monotone in ¢; distance.

Theorem 5. [Local monotonicity correction of real-valued functions| Let P be a poset with
N elements, such that every element has at most A predecessors or successors and the longest
directed path has length h. Let f: P — [—1,1] be a-close to monotone in ¢y distance. There
is an LCA that makes queries to [ and oulputs queries to g : P — [—1,1], such that g is
monotone and ||f — g||1 < 2a + 3. The LCA makes (Alog N)OUoehloe(l/e) gyeries, uses a
random seed of length poly(Alog N), and succeeds with probability 1 — N—1°.

1.4.2 Technical Overview

As in Chapter 3, there is an relaxed learning phase and a correction phase. We have essentially
three steps:

1. Find a real-valued polynomial P that is e-close to some monotone function, (opt + ¢)-
close” to the unknown function f in ¢; distance, and bounded in [—1,1].

2. Obtain a succinct description of a real-valued function PoorrecTep that is monotone,
and O(g)-close to P in ¢; distance.

3. Round the real-valued function Pcorrecrep to be {#1}-valued, while preserving
monotonicity and closeness to f.

For step (3) we use the rounding procedure of [77] that rounds real-valued functions to
{#£1}-valued functions, and we show that this procedure also preserves monotonicity. Our
main contributions are in steps (1) and (2).

Learning a polynomial that is close to monotone. The improper learning phase is
constrained to produce a good predictor that is e-close to some monotone function, regardless
of how far f may be from monotone. Existing improper learning algorithms are far from
satisfying this new requirement. We design a new improper learner by combining the
polynomial-approximation based techniques of [25,59,77] with graph LCAs and the ellipsoid
method for convex optimization.

4 . . . . .
°Since opt is unknown, we instead guess values of opt in increments of €.
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The improper learning task is a convex feasibility problem; the set of polynomials satisfying
the constraints we give in step (1) is a convex subset of the initial convex set of low-degree real
polynomials. The ellipsoid method requires a separation oracle, i.e. some way to efficiently
generate a hyperplane separating a given infeasible polynomial from the feasible region. Such
hyperplanes are themselves low-degree real polynomials, which have high inner product with
the infeasible polynomial and low inner product with every point in the feasible region. The
separator for the set of polynomials that are (a + ¢)-close to f is just the gradient of the
prediction error; the more interesting case is the separator for the set of polynomials that are
e-close to monotone.

With an argument inspired by the characterization of Lipschitz functions given in [14],
we observe that if a real-valued polynomial P is far from monotone, this can be witnessed
by a large matching on the pairs of elements on which P violates monotonicity. Given
any description of the matching, we show how to extract a separating hyperplane for P by
evaluating the matching on a set of sample points. Therefore, the challenge is to find a
description of a sufficiently large matching that can also be evaluated quickly. We elaborate
on this in the next section.

Local monotonicity correction by sorting on partially ordered sets. Our algorithm
for step (2) solves a new problem that we call the poset-sorting problem.

Let P be a poset of N elements with longest chain length at most h and such that every
element has at most A predecessors or successors. Given a labeling f of elements of P,
output a new labeling fumon that (i) is monotone with respect to the partial order in P (ii) can
be obtained from f by a sequence of swaps of monotonicity-violating label pairs.

The greedy algorithm for this task simply swaps monotonicity-violating pairs of labels until
there are none left; it is not hard to show that this algorithm produces a monotone function
whose distance to f is at most twice the distance of f to monotone. The challenge is to
improve the efficiency by doing this in a local fashion. We accomplish this by bringing in
recent exciting developments on parallelizing greedy algorithms [63-65]. These developments
accomplish speedups for classic graph problems in the setting of local and distributed
computing. They build on a large body of work in local computation algorithms and
distributed graph algorithms: some examples include [3,7,24,34,57,58,70,72,90,99,101,103|.

We reduce the problem first to the case where the labels are in {0, 1}. In this case, when
the longest chain length h is 1, the poset-sorting problem is equivalent to the classical problem
of finding a maximal matching on a bipartite graph with N vertices and maximum degree at
most A. We note that a recent LCA by Ghaffari [64] handles this problem using a run-time
of only poly(A,log(N/9d)).

For larger values of h, a naive approach would be to execute a sequence of phases, in each
of which a maximal matching between monotonicity-violating labels is produced and the
labels that are matched with each other are swapped. One can show that O(h) such phases
suffice and sometimes necessary if the matchings are arbitrary. If the algorithm by Ghaffari
[64] is used to implement cach of the phases, this yields a running time of (Alog(N/8))®".

25



For properly learning monotone functions over the Boolean cube, the parameters® we are
primarily interested in are h = O(v/d), A = 2°0Vd) and N = ©(24). The naive approach then
gives us a running time of (Alog(N/6))®™ = 22 which is too slow for our purposes.

We beat the naive approach by enforcing that the maximal matchings at each step only
include pairs of vertices that are sufficiently far away in the graph. We show that after each
matching step, the greatest distance between pairs that violate monotonicity reduces by a
factor of 2. This allows us to reduce the exponent from h to log h, which is sufficiently fast
to yield an essentially optimal proper learning algorithm for monotone functions.

1.5 Local Lipschitz Filters

In this next chapter, we study local Lipschitz filters for real-valued functions, with the main
application being differentially-private evaluation of black-box functions. A local filter is a
specific type of local corrector, introduced by Jha and Raskhodnikova [76], who motivated
their research by an application in private data analysis.

The special condition that makes a local corrector a filter is that when the input function
f has the desired property, then the output function g is guaranteed to be equal to f. In
other words, a local filter is a local corrector that does not modify functions that already
have the desired property. If, in addition, the distance between f and g is relatively small
compared to the distance from f to the nearest function with the desired property, the filter
is called distance-respecting.

1.5.1 Main Results

Motivated by the applications, we consider functions over [n]?, where [n] is a shorthand
for {1,...,n}. A function f : [n]* — R is called c-Lipschitz if increasing or decreasing any
coordinate by one can only change the function value by ¢. The parameter c is called the
Lipschitz constant of f. A 1-Lipschitz function is simply referred to as Lipschitz’. Intuitively,
changing the argument to the Lipschitz function by a small amount does not significantly
change the value of the function.

In previous work, only unbounded-range functions were considered in the context of
Lipschitz reconstruction. Jha and Raskhodnikova [76] obtained a deterministic local filter
that runs in time O((logn + 1)¢). This direction of research was halted by a strong lower
bound obtained by Awasthi et al. [11]. They showed that every local Lipschitz filter, even
with significant additive error, needs exponential in the dimension d number of lookups.

6These are the parameters for small constant . A slight subtlety in our argument is that we need to
work over truncated hypercube, i.e. handle separately O(e) fraction of the elements with too high or too low
Hamming weight. This is a standard technique, and in our case it makes the parameter A in our poset small
enough for us to get a good run-time guarantee using our poset sorting algorithm.

"In this work, we focus on reconstruction to Lipschitz functions. All our results extend to the class of
c-Lipschitz functions via scaling all function values by a factor of c.
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We demonstrate that important applications of local Lipschitz filters can be accomplished
with filters for functions whose range is bounded in [0,7]. By focusing on this class of
functions, we circumvent the lower bound from [11| and achieve running time polynomial
in d for constant r. Moreover, our filters satisfy additional accuracy guarantees compared
to the filter in [76], which is only required to (1) give access to a Lipschitz function g¢; (2)
ensure that g = f if the input function f is Lipschitz. Our filters achieve an additional
feature of being distance-respecting, i.e., they ensure that g is close to f. We provide this
feature with respect to both ¢;-distance (||f — gli = E.[|f(z) — g(z)|]) and fy-distance
(IIf = gllo = Prz[f(z) # g(x)]). where the expectation and the probability are taken over a
uniformly distributed point in the domain. The distance of f to Lipschitzness is defined as
the minimum over all Lipschitz functions g of the distance from f to g, and can be considered
with respect to both norms. Our filters are distance-respecting in the following sense: the
distance between the input function f and the output function g is at most twice the distance
of f to the Lipschitz property (w.h.p.).

Our algorithms work for functions over general graphs. To facilitate comparison with
prior work and our lower bound, we state their guarantees only for the [n]? domain. (It can
be represented by the d-dimensional hypergrid graph H%.) Our first local Lipschitz filter is
distance-respecting with respect to the ¢;-distance.

Theorem 25 ({;-filter, informal). There is an algorithm A that, given lookup access to a
function f: [n]? = [0,7], a query x € [n]¢, and a random seed p € {0,1}*, has the following
properties:

O(logr)

e Efficiency: A has lookup and time complezity (d" - polylogn) per query.

e Consistency: With probability at least 1 —n~% over the choice of p, algorithm A provides
query access to a 1.01-Lipschitz function g, with ||g, — f|l1 at most twice the {,-distance
from f to Lipschitzness.

If f is Lipschitz, then the filter outputs f(x) for all queries x and random seeds.

Our second local Lipschitz filter is distance-respecting with respect to ¢y. Unlike the filter
in Theorem 25, the fy-respecting filter provides access to a 1-Lipschitz function.

Theorem 26 ({y-filter, informal). There is an algorithm A that, given lookup access to a
function f: [n]? —[0,7], a query x € [n]?, and a random seed p € {0,1}*, has the following
properties:

e Efficiency: A has lookup and time complexity d°) polylog(n).

e Consistency: With probability at least 1 —n~% over the choice of p, algorithm A provides
query access to a 1-Lipschitz function g, with ||g, — fllo at most twice the {y-distance from
f to Lipschitzness.

If f is Lipschitz, then the filter outputs f(x) for all queries x and random seeds.
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An important special case of the hypergrid domain is the hypercube {0,1}%. Prior to
our work, no local Lipschitz filter for the hypercube domain could avoid lookups on the
entire domain (in the worst case). Our algorithms do that for the case when r < d/ log? d.
Moreover, we show that our filters are nearly optimal in terms of their dependence on r for
this domain. We present a theorem showing that the running time of d*(") is unavoidable
in Theorems 25 and 26; thus, our filters are nearly optimal. Moreover, even local Lipschitz
filters that are not distance-respecting (as in [76]) must still run in time d*(".

Theorem 27 (Filter lower bound, informal). Let A(x,p) be an algorithm that, given
lookup access to a function f : {0,1}¢ — [0,7], a query x € {0,1}¢, and a random seed
p € {0,1}*, has the following property:

e Weak Consistency: With probability at least % over the choice of p, the algorithm A(-, p)
provides query access to a 1-Lipschitz function g, such that whenever f is 1-Lipschitz

gp:f'

Then, for all integers v > 4 and d > Q(r), there exists a function f : {0,1}* — [0,r] for
which the lookup complezity of A is (2)%).

The lower bound for local Lipschitz filters in [10] applies only to filters that are guaranteed
to output a Lipschitz function (or a Lipschitz function with small error in values) for all
random seeds. They can still have a constant error probability, but the only mode of failure
allowed is returning a function that is far from f when f already satisfied the property.
Awasthi et al. [10] suggest as a future research direction to consider local filters whose
output does not satisfy the desired property P with small probability and mention that
their techniques do not work for this case. We overcome this difficulty by providing different
techniques that work for filters whose output fails to satisfy the Lipschitz property with
constant error probability. In particular, Theorem 27 applied with r = ©(d) yields the lookup
lower bound of 2% as in [10], but without their restriction on the mode of failure, thus
answering their open question.

1.5.2 Applications

We showcase two applications of our local Lipchitz filters: to private data analysis and to
tolerant testing. Both of them deal with real-valued functions with no a priori bound on the
range.

Application to black-box privacy. Our first application is for providing differentially
private mechanisms for releasing outputs of black-box functions, even in the presence of
malicious clients. Differential privacy, introduced by [56], is an accepted standard of privacy
protection for releasing information about sensitive datasets. A sensitive dataset can be
modeled as a point x in {0, 1}¢, representing whether each of the d possible types of individuals
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is present in the data®. More generally, it is modeled as a point x in [n]? that represents a
histogram counting the number of individuals of each type.

Definition 1 (Differential Privacy). Two datasets x, 2’ € [n]? are neighbors if vertices x,z’'
are neighbors in the hypergrid He. For privacy parameters € > 0 and 6 € (0,1), a randomized
mechanism M : [n]* — R is (g, §)-differentially private if, for all neighboring x,z" € [n]* and
all measurable sets Y C R,

PrM(z) € Y] < e Pr[M(z') € Y] + 4.

When 6 = 0, then we call M purely differentially private; otherwise, it is approximately
differentially private.

A statistic (or any information about the sensitive dataset) is modeled as a function
f(z). One of the most commonly used building blocks in the design of differentially private
algorithms is the Laplace mechanism®. The Laplace mechanism computing on a sensitive
dataset x can approximate the value f(x) for a desired c-Lipschitz function f by adding
Laplace noise proportional to ¢ to the true value f(z). The noisy value is safe to release while
satisfying differential privacy.

When f (supplied by a distrusted client) is given as a general purpose program, it is hard
to compute its least Lipschitz constant, or even an upper bound on it. The data curator can
ask the client to supply the Lipschitz constant for the query function f. However, as noted
in [76], even deciding if f has Lipschitz constant at most ¢ is NP-hard for functions over the
finite domains we study (if f is specified by a circuit). Applying the Laplace mechanism
with ¢ smaller than a Lipschitz constant (if the client supplied incorrect ¢) would result in a
privacy breach, while applying it with a generic upper bound on the least Lipschitz constant
of f would result in overwhelming noise.

To the best of our knowledge, no existing (&, d)-DP mechanisms for the black-box privacy
problem simultaneously achieve a runtime that is polynomial in d and log% while providing
an accuracy guarantee that is comparable to the Laplace mechanism. One solution to the
black-box privacy problem was proposed by Jha and Raskhodnikova [76] who designed the
following filter mechanism: A client who does not have direct access to x can ask the data
curator for information about the dataset by specifying a Lipschitz!* function f. The data
curator can run a local filter to obtain a value g(x), where g is guaranteed to be Lipschitz.
Then the curator can use the Laplace mechanism and release the obtained noisy value. If the
client is truthful (i.e., the function is Lipschitz), then, by the filter properties, the accuracy
guarantee of the filter mechanism is inherited from the Laplace mechanism. However, even if
f is not Lipschitz, the filter ensures that privacy is still preserved. Observe that the running
time and accuracy of the filter mechanism directly depends on the running time and accuracy

8A point 2 € {0,1}% can also represent a dataset containing data of d individuals, with one bit per
individual: e.g., x; = 1 could indicate that the individual ¢ has a criminal record or some illness.

9Gaussian mechanism is another popular differentially private algorithm that calibrates noise to the
Lipschitz constant of f; for simplicity, we focus on the Laplace mechanism as a canonical example.

10Tf the function is c-Lipschitz, it can be rescaled by dividing by c.
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of the local Lipschitz filter. The lower bound by Awasthi et al. [11] on the complexity of local
Lipschitz filters implies 249 running time for filter mechanisms, even for releasing functions
of the form f:{0,1}¢ — R.

We provide a mechanism for privately releasing outputs of black-box functions, even in
the presence of malicious clients, in time that is quasi-polynomial in the dimension d while
providing accuracy comparable to the Laplace mechanism. For bounded-range functions, the
running time of our mechanism is polynomial in d and log %. We bypass the lower bound
in [11] by using the filter mechanism for bounded-range functions repeatedly to simulate a
noisy binary search. Our mechanism needs only query access to the input function, that is, it
can be specified as a black box (e.g., as a complicated or obfuscated program).

Theorem 31 (Binary search filter mechanism, informal). For all ¢ > 0 and 6 € (0,1),
there exists an (g, 0)-differentially private mechanism M that gets lookup access to a function
f:[n]¢ — [0,7] and has the following properties. Let k = logmin(r,nd).

e Efficiency: The lookup and time complexity of M are dO(ErogR) polylog % .

o Accuracy: If f is Lipschitz, then for all x € [n]*, we have M(x) ~ f(x) + Laplace(%)
with probability at least 0.99.

Application to tolerant testing. The second application we present is to tolerant testing
of the Lipschitz property of real-valued functions on the hypercube domains. In the standard
property testing terminology, a property P is a set of functions. Given a parameter ¢ € (0, 1),
a function f is e-far from P if at least an ¢ fraction of function values have to change to
make f € P; otherwise, f is e-close to P. Given parameters g, e € (0,1) with €9 < ¢ and
query access to an input function f, an (eq, €)-tolerant tester for P accepts with probability
at least 2/3 if f is eg-close to P and rejects with probability at least 2/3 if f is e-far from
P. For the special case when ¢y = 0, the corresponding computational task is referred to as
(standard) testing.

Testing of the Lipschitz property was introduced in [76] and subsequently studied in
[11,14,30,32,52,53,78]. Lipschitz testing of functions f : {0,1}¢ — R can be performed with
O(g) queries [32,76]. In contrast, prior to our work, no nontrivial tolerant tester was known for
this property. As shown in [60], tolerant testing can have drastically higher query complexity
than standard testing: some properties have constant-query testers, but no sublinear-time
tolerant testers. Moreover, exp(d'/?) queries are required for tolerantly testing the Lipschitz
property with nonadaptive algorithms (i.e., algorithms that specify all queries in advance,
before receiving any answers). This result follows from the monotonicity-to-Lipschitzness
reduction of Chakrabarty et al. [30] and the lower bounds for tolerantly testing monotonicity
[35,97]). Though our algorithm is adaptive, the existence of this lower bound provides
evidence that the problem may be inherently hard.

As an application of our local filters,we construct the first nontrivial tolerant Lipschitz
tester (see Theorem 32) for functions f : {0,1}¢ — R. Our tester is (g,2.01¢)-tolerant and

has query and time complexity E%do(v dlog(d/2)) We stress that this tester handles functions
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with any range. Given that Lipschitz functions on {0,1}¢ can have range [0, d], and our
(o-filter has time complexity d°) for functions f : {0,1}¢ — [0,7], one might expect our
tester to run in time exp(d) when no a priori upper bound on f is available. We leverage
additional structural properties of Lipschitz functions to reduce this to eXp(\/a).

1.6 Related Work

Adversarially robust learning. Several recent works study adversarially robust learning in
the distribution-free PAC model. This line of work considers a range of perturbation models,
including /¢, balls and fully arbitrary perturbation sets. The works of [40,95] show that
robust learning and standard learning are essentially equivalent from a statistical perspective;
therefore, separations between the two tasks must be computational. Such computational
separations were established in [9,26,44], which exhibit concept classes and perturbation sets
for which robust learning is computationally harder than standard learning under standard
hardness assumptions. The work of [106] gives examples where high robust risk, i.e., high
prediction error under adversarial perturbations, is unavoidable.

For halfspaces, [94] gives an algorithm for robust learning in a realizable setting with
random classification noise. The works of [47,51] give algorithms for robust, proper, agnostic
learning of halfspaces, but assume that the input distribution is supported on the unit ball.
When these algorithms are scaled to the regime considered here, where distributions are
concentrated on a radius-v/d ball, their running times have an exponential dependence on V/d.
The work of 9] also studies robust learning in the distribution-free setting, giving algorithms
for learning halfspaces and degree-2 PTFs with robustness to /,.-bounded perturbations.
In distribution-specific settings, [71] gives an algorithm for learning monotone conjunctions
robust to perturbations of O(logn) Hamming distance under log-Lipschitz distributions on
the Hamming cube. As mentioned earlier, the proper agnostic learner of [48] is a robust
learner for halfspaces under the Gaussian distribution.

Learning halfspaces. Under general log-concave distributions, [8] gives a semiagnostic
proper learner for origin-centered halfspaces with error O(opt) + ¢, where opt is the error of
the best halfspace. In contrast, our work aims for the optimal opt 4 ¢ error guarantee. For
every constant «, [42] gives a polynomial-time improper learner with error (1 4+ «)opt + ¢
using polynomial regression, but the algorithm applies only to the Gaussian distribution and
not to general sub-Gaussian log-concave distributions. The work of [48] gives a d°(1/¢")-time
algorithm achieving error opt + ¢ for halfspaces under the Gaussian distribution, as discussed
in Section 1.3, and also gives a polynomial-time proper learner for origin-centered halfspaces
with error (14 a)opt+¢e. These algorithms are highly specific to Gaussian distributions and do
not extend, for example, to the uniform distribution over [—1,1]¢ or to general sub-Gaussian
log-concave distributions.

Monotonicity correction, testing, and learning. Local correction of monotonicity has
been studied in several parameter regimes [1,2,10,15,16,84,104]. The work of [2] introduced
online property reconstruction and gave an algorithm for correcting monotonicity of real-
valued functions on the discrete line. The work of [98| gives a tolerant tester in the same
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setting. Lower bounds for monotonicity correction in other error regimes are given in [10,15];
see also [84] for an overview of previously available monotonicity-correction algorithms and
lower bounds. The related problem of approximating distance to monotonicity, which is
closely connected to tolerant testing, has been studied in [1,97,98].

Proper learning algorithms are known for restricted classes of monotone functions

[5,22,75,111], and [28] give learning algorithms for function classes that generalize monotone
functions. Weak learning of monotone functions has also been studied [4,23,25,79,96]; this
line of work obtains very fast algorithms at the cost of accuracy only % + m. Monotonicity
testing has been studied beyond the Boolean cube, including on hypergrids [14,18,19,21,31,32]
and for functions with bounded influence [33].
Private data analysis. Several systems allow analysts to query a sensitive dataset while
satisfying differential privacy, including PINQ [93], Airavat [102], Fuzz |74], and PSI [62].
These systems support the release of noisy approximations to certain real-valued functions
of the dataset. Typically, the analyst sends a program to the server, requesting that it be
evaluated on the private dataset, and receives the output with noise added. The program
may be composed from a limited set of trusted built-in functions, such as sum and count,
together with a limited set of untrusted data transformations, such as combining several
types of individuals into one type. The Lipschitzness of these transformations can be enforced
using programming-language tools.
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Chapter 2

Preliminaries
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2.1 Basic Notation

In this work, the main objects of interest are classifiers, which we will sometimes express
as labeling functions (f : X — )) and sometimes as joint distributions over the input and
output domains (D over X x )). We say that f is a randomized function over X if f maps
every point in X' to a random variable f(x) over ).

When dealing with a distribution D over X’ x ), we will sometimes overload the notation
to use the symbol D to refer to the X-marginal of D. Analogously, when dealing with
a collection S of pairs {(z;,y;)} in X x Y we will sometimes write Pr,.g[---] to refer to
Pr(; y)~s[- -] when the values of y are not referenced.

which we will refer to as the labeling function.

2.1.1 Distances and Errors

In this work, we will typically use the ¢; distance to denote the distance between functions
over a distribution:

11 = Follip = B [1£() = g()]]

We will also sometimes use the £y distance to denote the distance between Boolean-valued
functions.

Lfv = follop = Prifi(e) # folx)).

When ) = {0, 1}, these distances are equivalent, and when ) = {—1,1} they differ by a
factor of 2. When a different distance function is used it will be specified explicitly, and when
the distribution or the distance function is clear from context, the subscript may be omitted.

Given a distance function dist, we denote the distance of a function f to a class F as

dist(f, F) = inf dist(f, g).

The terms “distance to monotonicity” and “distance to Lipschitzness” are used to refer
to the distance of a function to the class of monotone functions and the class of Lipschitz
functions, respectively. In learning contexts, we will also sometimes use the notation opt to
refer to the distance between the ground truth labeling function and the concept class of
interest (linear threshold functions in Chapter 3, monotone functions in Chapter 4).

2.1.2 Graphs and Posets

Let x and y be elements of a poset P.! We use < to denote the ordering relation on P. We
say ¢ < y (“z is a predecessor of y”) if x <y and x # y. Also, we say =z = y if y < z, and
x =y (“z is a successor of y”) if y < x. We say = and y are incomparable if neither x < y nor

'In this work all posets are assumed to be finite.
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x > y holds. We say that = is an immediate predecessor of y if x < y and there is no z in P
for which # < 2z < y. The notion of an immediate successor is defined analogously.

The graph of a poset P (a.k.a. Hasse diagram of P) is a directed graph, in which elements
of P are the vertices, and there is an edge from x to y whenever x is an immediate predecessor
of y. Clearly, the graph of any poset is a DAG. Additionally, it is immediate that the poset
itself is unambiguously determined by its graph, and we will refer to the poset and its graph
interchangeably.

Definition 2 (Monotone functions). For a poset P and a totally ordered set' Y, a function
f: P —Y is monotone if whenever x <y we have f(z) < f(y).

Definition 3 (Discrete c-Lipschitz functions). Fiz a constant ¢ > 0 and a graph G = (V, E).
A function f:V — R is c-Lipschitz w.r.t. G if |f(x) — f(y)| < ¢-distg(z,y) for all x,y € V.
A 1-Lipschitz function is simply referred to as Lipschitz. We denote by Lip(G) the set of
Lipschitz functions w.r.t. G.

Definition 4 (Hypergrid, hypercube, and truncated hypercube). The d-dimensional n-
hypergrid HY is the set [n]?. For x,y € [n]¢, we say v <y if v; < y; for alli € {1,--- ,d}.
It is immediate that [n]? is a poset with n® elements, and that in its graph, two vertices are
adjacent if they differ by one in one coordinate and agree everywhere else. We will typically
refer to H3 as the d-dimensional Boolean hypercube and denote it simply H.

We also define the truncated hypercube
d [d 2
Z i —=| <4/=log— >,
- 2 2 €

Via Hoeffding’s bound, we have that the fraction of elements in {0,1}¢ that are not also in

He is at most 2exp (—%) =e.

HE = {x c{0,1}%:

2.2 Learning Algorithms

2.2.1 Agnostic Learning

In distribution-specific agnostic learning, a learning algorithm is given i.i.d. example-label
pairs from some distribution over X x ), where the marginal distribution over X is known.
The generalization error (which we also refer to simply as error) of a predictor is its distance
to the ground truth labeling function; for instance if the distance function is ¢, distance, this
is the probability it misclassifies a fresh example-label pair. The goal of agnostic learning is
to produce a predictor g with good generalization error. Guarantees are produced in terms
of opt, the lowest generalization error among all hypotheses in the function class.
We state some known results about learning monotone functions over the hypercube.
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Theorem 6 (Learnability of monotone functions [25]). There is an algorithm that, for any

monotone function g : {0,1}% — {0,1}, given i.i.d. example-label pairs (x;, g(x;)), with x;

uniform in {0,1}¢, returns a circuit computing a predictor §, such that ||g — ||, < & over the
v

uniform distribution. The algorithm uses d0< c ) log (%) samples and run-time, where § is

the failure probability bound.

From Remark 4 on page 6 of [77] and standard failure probability reduction via repetition,
we also have:

Theorem 7 (Agnostic learnability of monotone functions). In the agnostic setting with
examples distributed uniformly on {0,1}¢, there is an algorithm that returns a circuit with

generalization error at most opt + €, where opt is the error of the best monotone function.
|

The algorithm uses dO(EQ) log (%) samples and run-time, where ¢ is the failure probability

bound.

We will also use a bound on how well monotone functions can be approximated by
low-degree polynomials. This fact follows from [25,77] and a refinement by [59]:

Fact 1. For every monotone f : {—1,1}¢ — {—1,1} and € > 0, there exists a multilinear
polynomial p of degree [%g log 4] such that

If —pll <e.

2.2.2 Convex Optimization

The following notion is standard in convex optimization.

Definition 5. A separation oracle for a convex set C.onper 1S an oracle that given a point
x does one of the following things:

o If x € Ceopves, then the oracle outputs “Yes”.

o If 1 & Ceonues, then the oracle outputs (No, Qseparation), Where Qseparation € R repre-
sents a direction along which x is separated from Ceopyes- Formally, (Qseparation, T) >

<Qsepamtiom l‘/> fO?" any .I'/ mn Ccom}ex-
We will need the following well-known fact from convex optimization:

Fact 2. [80] There is an algorithm ELLIPSOIDALGORITHM that takes as inputs positive real
values r and R, and access to a separation oracle for some convex set Coopper C {x € R? :
lz|]| < R}. The algorithm runs in time poly (d, log %) and either outputs an element in
Ceonver 07 outputs FAIL. Furthermore, if Ceopves contains a ball of radius r, the algorithm is
gquaranteed to succeed.

Also see [88] for an overview of algorithms building on [80].
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2.3 Local Computation Algorithms and Succinct Repre-
sentations

The Local Computation Algorithm (LCA) model captures the ability to provide query access
to parts of an output in sublinear time. In this work, we use the LCA model to describe
algorithms for various tasks, including violation graph access, maximal matching, and local
property correction. An LCA is given access to a random bit-string and to the input: for
example, in the case of maximal matching, this input is the adjacency list of the graph. Upon
receiving an edge query e in GG, the LCA should respond “yes” or “no.” Responses to different
edges must be consistent with a single legal maximal matching. Similarly, for poset sorting
on poset P, a query to the LCA is any element € P, and the LCA, which is provided with
access to function f : P — {0, 1}, must respond with fion(2) so that the function fien is
monotone. Responses to different inputs must be consistent with a single legal sorting of f.
In both cases, the LCA’s answers may depend on a random bit-string? that persists between
queries, but otherwise, responses must be® memoryless — i.e., they cannot depend on previous
queries to or responses from the LCA.

Definition 6 (Graph LCA). Fiz 6 € (0,1). A graph LCA A(z, p) is a randomized algorithm
that gets adjacency list access* to an input graph G = (V, E), a query x € V, and a random
seed p € {0,1}*. For each p, the set of outputs {A(x,p) : x € V'} is consistent with some
object defined with respect to G, such as a maximal matching in G. The fraction of possible
random strings for which A fails (i.e., defines an object that does not satisfy the constraints)
of the problem, is at most 9.

Local filters were introduced by Saks and Seshadhri [104] and first studied for Lipschitz
functions by Jha and Raskhodnikova [76].

Definition 7 (Local Lipschitz filter). For all ¢ > 0 and § € (0,1), a local (¢, §)-Lipschitz
filter® over a graph G = (V, E) is an algorithm A(x, p) that gets a query x € V and a random
seed p € {0,1}*, as well as lookup access to a function f:V — R and adjacency lists access
to G. With probability at least 1 — & (over the random seed), the filter A provides query
access to a c-Lipschitz function g, : V — R such that whenever f is c-Lipschitz g, = f. In
addition, for all X\ > 0, the filter is {,-respecting with blowup X if | f — g,ll, < X-€,(f, Lip(G))
whenever g, is c-Lipschitz.

In terms of performance, we want the following quantities to be as small as possible (i)
the query complezity, i.e. the number of probes to the input the LCA makes to respond to a

2In all cases we consider, the random bit-string is short enough for the LCA to read as a whole (in contrast,
in some work exponentially long bit-strings are considered).

3Sometimes LCAs are considered that are not memoryless, but in this work whenever we refer to an LCA,
we imply it is memoryless.

4An adjacency list lookup takes a vertex x and returns the set of vertices adjacent to .

5While the graph is hardcoded in this definition, our filters work when given adjacency list access to any
graph.
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single query, (ii) the run-time the LCA needs to respond to a query, (iii) the length of the
random bit-string used by the LCA, (iv) the probability over the random bit-string that the
LCA fails to satisfy the problem specifications.

The monotonicity- and Lipschitz-correction algorithms will make use of a recent powerful
result® of Ghaffari [64], which gives an efficient algorithm for answering membership queries
to a maximal independent set. (We emphasize that mazimal independent set is defined to be
an independent set that cannot be made into a larger independent set by adding an extra
vertex, and mazimal matching is defined analogously.)

Theorem 8 (|64]). There is an LCA that takes adjacency-lists” access to a graph G with N
vertices and largest degree at most A, and gives membership access to a maximal independent
set on the graph. The query complexity and the run-time of the LCA are poly(A,log(N/J)),
the length of the random bit-string is also poly(A,log(N/§)) and the failure probability is at
most 9.

Corollary 3. There is an LCA that takes adjacency-lists access to a graph G, with N vertices
and largest degree at most A, and gives membership access to a maximal matching on the
graph. The query complexity and the run-time of the LCA is poly(A,log(N/§)), the length of
the random bit-string is also poly(A,log(N/§)) and the failure probability is at most §.

Proof. This reduction is standard; for completeness we include a proof. For a graph G,
one forms the so-called line graph of G, denoted as G’, as follows: (i) the vertex set of G’
is the edge set of G, (ii) two vertices are connected in G’ if the corresponding edges in G
share a vertex. One sees immediately that maximal matchings on G translate to maximal
independent sets on G', and vice versa. Therefore, one can use the LCA of [65] (described
here in Theorem 8) to get access to a maximal independent set in G’, which will translate to
a maximal matching on G.

An all-neighbor query to G’ can be simulated via two all-neighbor queries to G. The
graph G’ has at most AN vertices and degree at most 2A. Overall, this means that the
query complexity and the run-time of the LCA are still poly(A,log(N/d)), the length of the
random bit-string is still poly(A,log(N/d)) and the failure probability is still at most §. [

6We need to comment on some superficial differences between Theorem 8 and the main theorem of [64],
which does not mention run-time and bit-string length explicitly and also has & = poly (%) The following
observations are not novel in any way, and some of them are alluded to in [64,65], but we explain them here
for completeness. The bound on run-time follows by direct inspection of their algorithm. The length of the
bit-string can be reduced to poly(A,log(N/J)) via the standard method [3,90] of replacing i.i.d. random bits
with k-wise independent random bits for k large enough (k = poly(A,log(N/¢)) suffices, as number of those
i.i.d. random bits accessed per query is poly(A,log(N/d))). Although, the failure probability bound § in the
original theorem of [64] is set to be poly (%), it can be boosted to arbitrary § by adding extra disconnected
vertices to our graph until this value reaches § for the new number of vertices N'. Query access to this new
graph can be simulated via query access to the original graph with inconsequential overhead. Overall, this
costs one an extra polylog(1/d) factor in query complexity and run-time.

"I.e. when queried a vertex v, the oracle returns a list of all the neighbors of v.
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An important idea in this work is that LCAs (i.e. algorithms that achieve global con-
sistency) can be used to operate on succinct representations of combinatorial objects. To
explain further, we need the following definition:

Definition 8 (Succinct representation). A succinct representation of a function f of size s
1s a description of f that is stored in s bits of memory and can be evaluated on an input in
O(s) time.

For example, circuits of size s and polynomials of degree log s are examples of succinct
representations of size s and n'°8® respectively. The following fact follows immediately from
the definition:

Fact 3 (Composition of representations). If a function f has a description that uses t bits
of memory and evaluates in time O(t) given q oracle queries to a function g, and g has a
succinct representation of size s, then there is a succinct representation of f of size O(t + sq).

Now, for example, combining® Fact 3 and Corollary 3 we see immediately that for a
graph G, with N vertices and largest degree at most A, using the algorithm in Corollary 3
we can transform a size-s representation® of a function computing adjacency-lists access
to G into a size-(AC1°M . polylog(N/§) - s) representation'® of a function that determines
membership in some maximal matching over G. Note that this transformation itself runs in

time ACU08R) . polylog(N/6) - s.

8 A note on the description sizes of LCAs: because LCAs are uniform (i.e. Turing-machine) algorithms,
they can be simulated with a uniform circuit family. For each input size, the size of the corresponding circuit
is polynomial in the running time of the LCA for that input size.

9For simplicity, in the rest of the paper we will refer to such functions as a “succinct representation of G.”

OFor simplicity, in the rest of the paper we will refer to such functions simply as “representation of a
maximal matching.”
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Chapter 3

Agnostically Approximating Halfspaces
by Robust Classifiers
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In this chapter, we present our algorithm for agnostically learning halfspaces under
subgaussian log-concave distributions. The algorithm outputs a hypothesis with boundary
volume O(r) at radius r, providing a level of robustness comparable to that of halfspaces
themselves.

3.1 Chapter-Specific Preliminaries

3.1.1 Perturbation and Robustness Models

Definition 9 (r-boundary volume). The boundary volume of a function f at radius r on
distribution D is defined as

Boundaryp, (f) = Pr[3z: |2, <7 and f(x) # f(x + 2)].

Definition 10 (Local noise sensitivity). We define the local noise sensitivity ¢y, (x) at noise
scale n as

Sra(r) = B [3lf(z) = flz+n2)|].

z~N(0,14)

We remark that when f is Boolean-valued, this is equivalently

Grn(z) = Pr [f(z)# flz+nz)].

ZNN(O,Id)

Definition 11 (Distributional noise sensitivity). The noise sensitivity of a function f at
noise scale n on distribution D is defined as

NSDJ7 (f) = wLED[¢f,n<x>] :

Definition 12 (Isolation probability). We call a point isolated if its local noise sensitivity is
over a threshold. The isolation probability of a function f relative to a threshold t is

is0p(f1) 1= Prlos,(z) > 1].
We also use a convex relaxation of the isolation indicator and define ¢ to be its expectation:
Yp,(f) = 1OxI~ED[]l [ fq(x) > 0.6] - (¢f,(x) —0.6)].

Note that ¥(f) is an upper bound on iso(f,0.7).

Noise sensitivity approximators

Below, we introduce the notion of a local noise sensitivity approximator. Many of the
algorithms we introduce will use such an approximator as a black box they can query (see
Algorithm 1, Algorithm 5, Algorithm 4 and Algorithm 3). We first introduce a local noise
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sensitivity approximator and some related notions, and present a randomized method for
efficiently instantiating it.!

Definition 13 (Local noise sensitivity approximator for PTFs). For a degree parameter k,
an algorithm QAS is an e-accurate noise sensitivity approximator if whenever it is given (i) a
degree-k polynomial threshold function f, (ii) a noise rate n € (0,1), and (i) a point x € RY,
it outpuls a value o5, (z) such that

brn(@) — drn(x)] < e.

Definition 14. Let QAS be as in the definition above. Then we define the empirical noise
sensitivity and isolation probabilities as

1\/I\Sp7n(f) = ZED (ﬁm(x) and i/SBDm(f, t) = :CINED]I[@W(JJ) > 1.

We also define ) R
Jou(f) = 10 E [1dg0,(x) > 0.6]- (61,4(x) — 0.)]

3.1.2 Distances and Errors

Definition 15 (Error and optimal error). We will denote the error of a hypothesis on a
distribution

ertp(h) = E  [i|h(z) —

o(h) = B [4h() =]

and remark that when h 1s Boolean-valued this is equivalently
errp(h) = Pr [h(x) # y].

(z,y)~D

Relative to a sample set we use

as(h) = o D ()~

(z,y)eS

We will often denote by opt the optimal error of a function f with respect to a concept class
F:

t == inf .
op ;gferrp(g)

In this chapter, F is always the class of linear threshold functions over RY.

The following facts about the error and local noise sensitivity after rounding a real-valued
function to Boolean follow directly from linearity of expectation.

'In Section 3.1.3 a randomized construction of (;3 is given and in Section 3.5 a deterministic method is
presented assuming BPP = P.
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Fact 4 (Randomized rounding). Let f and g be real-valued functions. Let the rounded
function f; be defined as

fe(@) = sign(f(z) — 1),
and likewise for g,. Then,

| b 2] < e [EE=]

t~[—1,1] | (z,y)~D
o)~

E E {
(z,y)~D 2

t~[—1,1] |:(x y) ND

i) # gt(w)]] <

Similarly,? . 3
[Df,0(2)] < @pp(x) and E’ (D1, 1.0(2)] < Gp1n()

tr [ L1] t~[—1,1]

for any x, n and T.
Finally, the following is a standard fact, see for example [45].

Fact 5 (TV distance between one-dimensional Gaussians). For all uy, pe in R and 01,09 in
R~ we have

3lof —o | |11 — puo
d 2 < 1 2
TV<N(M170-1)7N(/’L270-2>> —_ 20_1 20_1

3.1.3 Randomized Implementation of qAS

Let T' be a sufficiently large set of i.i.d. samples from N(0, /;). Below, we show that the
choice of ¢ as the following empirical estimate will satisfy Definition 13 with high probability

over the choice of T e )\
flz+nz
b1 \T\ Z

Fact 6 ([6]). The VC dimension of the class of polynomial threshold functions of degree k is
O((£)) = O(d").

<k

Fact 7 (Concentration of expectations from VC dimension). Let C be a concept class and
D be a distribution over RY. For some sufficiently large absolute constant C, the following
s true. With probability at least 1 — § over a sample S of i.i.d. samples from D, with
|S| > C-VC(C)log(1/8) /%, the following holds:

sup ()] |T] Zf

fec CCND

We will call a sample set “representative” of distribution D for a concept class if it satisfies
the above success condition.

2See Section 3.1.3 for the definition of ¢.
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Claim 1 (Representative samples provide accurate noise sensitivity estimates). Let C be the
class of degree-k PTFs. Let T be a set of points in R® that is representative for N'(0, 1) for
C (in the sense of Fact 7). Then with probability > 1 — & over T, the following holds for all
feC xeR? andne (0,1):

i) -] <

Proof. Observe that for any fixed z, the function g(z) = —f(z) - f(z + nz) is a member of C.
Thus by Fact 7, we have with probability 1 — § that

Bl - E . l9C)

<e.

The claim follows from observing that ¢y, (z) = 3(E[g(z)] + 1), and thus

1

65a(@) = bpa(@)] = 5

3.1.4 Uniform Convergence of Empirical Approximations

Finally, we will need the following observation about the uniform convergence of approxima-
tions of local noise sensitivity ¢. First, we need the following fact:

Fact 8 ([109], also see lecture notes [55]). A function class C of VC dimension A and every
distribution Dy, there is an e-cover H of C of size at most 8 := (O(1)/e)°®). Le. H is a
discrete subset of C of size 8 and for every f in C we have h in H for which

Prop,[f(z) # h(z)] <e,

Claim 2. Let C be the class of degree-k PTFs over R?, let D be a probability distribution over
R? and let n € [0,1] be fizred. Then, for some constant C, if S is a collection of (d* /) 1log1/§
i.i.d. examples from D, then with probability at least 1 — O(9),

max | Bovs[d70(2)] = Bonpldra(@)]] < Ofe) (3.1)

Proof. We now use Fact 8. For us, C is the class of degree-k PTFs, and we have A = d°®).
Taking the distribution Dy to be an equal-weight mixture of (i) the distribution D in the
premise of this claim and (ii) the convolution of D with the normal distribution N (0,71;) we
see that for every f in C there is h in H for which?

Prop[f(z) # h(z)] < 2, (3.2)

3Note that the error over Dy is the average of the two errors in the inequalities below.
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Pr  [f(z+nz) # h(z +n2)] < 2¢, (3.3)
ZN%\EOPM)

which via the definition of ¢ and the triangle inequality implies that

Eaml67(2)] = Eavlénn(@)]] < Eaup Hm@:) |

< 2E.pl|f(2) = h(2)[] + EZNXﬂ@zd)['f(x +nz) = Mz +n2)[] <O(e). (3.4)

By the standard Hoeffding bound, since ¢ and ¢ are always in [0, 1], with probability
1 —§/2 for every h in H we have

< L _O(log(|H|/8) < e, (3.5)

~ VIS

where the last step for both inequalities follows by substituting |H|, |S|, A and taking C
to be a sufficiently large absolute constant. We also know that with for a sufficiently large
absolute constant C', with probability 1 — § the set S satisfies Fact 10, which means that:

sup |Pre~s[fi(w) # fo(2)] — Pre~plfi(z) # fo(2)]] < Of(e). (3.6)

fi,f2€C

Ew~5[¢h,n (17)] - ExND [th,n (ZIZ’)]

From the above, we can also conclude that with probability 1 — ¢ over S for every pair fi, fo
in C we have the following:

’ PIZNﬁfN(&Id) iz +n2) # falz +n2)] — Prz~f\7(gfd)[fl (z+12) £ folz +12)]| <
E. v | Pro~s[fi(z +n2) # f2(x +nz)] = Prowp[fi(z +n2) # f2(z +n2)]| < O(e) (3.7)

(. J/

~
<O(e) by defining f3(z) := f1(x + nz), fa(z) := f2(x + nz),
observing f3 and f4 are also degree-k PTFs and using Equation (3.6)

Using the definition of ¢, the triangle inequality, and Equations 3.6 and 3.7 we also see
that

Bl ()] = om0 (2] <
2Pr,slh(z) # f()] + Pr_ps (w4 52) # fa+n2)] <

2P, plh(x) # f@)] +Pr_gp [ +n2) # fla +72)] < O, (38)

where in the last step we substituted Equation (3.2) and Equation (3.3). Finally, we put all
the inequalities together. By combining the triangle inequality with Equations 3.4, 3.5 and
3.8 we derive Equation (3.1). O
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Claim 3. Let C be the class of degree-k PTFs over R?, let D be a probability distribution over
R? and let n € [0,1] be fived. Then, for some constant C, if S is a collection of (d* /) log 1/
i.i.d. examples from D, then with probability at least 1 — O(9), for every polynomial p it holds
that

P% [Ete[—l,l] [(bsign(p(w)—t)m(x)] > 0'7] < xErD[EtG[—Ll] [(bsign(li—t)m(x)] > 0.67]+0() (3.9)

xrr

Proof. Let CPPed he the class of degree-k clipped polynomials, i.e. functions piPred : R4 —
[—1,1] of the form
1 if p(x) > 1
P = {1 i p(a) < -1
p(z) otherwise
where p is a degree-k polynomial. We first argue the following
Observation 9. For any distribution Dy over R?, there is a subset H of CPPed of size

(O(1)/€)°*/9) i.e. such that for every pciPped in Celied e have

min[E,.p, [|[p™"**(z) — h(z)|] < O(e). (3.10)

heH

Proof. We form H by considering an e%-net HffTF for degree-2k PTFs, and taking H to
consist of functions of the form

h(z) = > T f(z),

Te{—-1,—14¢,—1+42¢,...,+1}

where each f, () is some function in f,(z). By Fact 8, we see that Hgpp has size (O(1) /)",
and therefore (by a counting argument) the size of H defined above is indeed (O(1)/e)@"/e),
We can write for every x and pPPed in CcliPped the following inequality:

Z . ]l[pclipped(x) c (7_77_ + 5]] S pclipped(x) S
Te{-1,—14¢,—1+42¢,...,+1}

> (1 +¢) - A[pPPd () € (7,7 +¢]], (3.11)
Te{—1,—1+¢,—1+42¢,...,+1}

we observe that each indicator 1[piPPed(x) € (7,7 + ¢]] equals to a degree-2k polynomial
threshold function, and therefore there is some f, in Haqy for which

EmNDo |]l[p°lipped(x) c (T,T+€]] _ fr} < 0(82)’

which substituted into Equation (3.11) allows us to conclude that

E:BNDU pclipped<x> - Z T fT(x) < O<€>’

Te{-1,—14¢,—1+42¢,...,+1}
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which concludes the proof that for piPred in CcliPred we have h : R? in H for which Equa-
tion (3.10) holds.

We finish the proof of the observation, by resolving one last issue: as defined the set H is
not a subset of C<PPed, However, if we consider the set H' consisting of functions f of the
form

H' = {f = argmin[E,p,[lg(x) — h(z)[]] : h € H,}

gecdippcd
then we see by the triangle inequality that H’ still satisfies Equation (3.10), has a size of at
most |H| and H' is a subset of CcliPped O

We continue the proof of Claim 3 We can wite:
Ere(-1,1)[@sign(p(@) -0 (€)] = Prei-1,11.:nn0.1) [Isign(p(z) — 1) # sign(p(z +nz) — 1) =

|pclipped (l’) _ pclipped ([E + 772) |
2

]EZNN(O,Id) = qbpclippedm (I) (312)

We will overload the notation for ¢ and define @,eippea ,,(2) to be the expression above. We
further define the following auxiliary quantity:

0 lf ¢pclipped,n (l‘) S 067
fpclipped7n<l‘) - 1 lf ¢pclipped7,’7 (1’) Z 07
%((bpclipped’n(m) - 067) lf ¢f7n(x) 6 (067, 07)

By construction, the function satisfies the following properties for every x,
]1[¢pclippedm(x) Z 067] S gpclipped,n(x> S ]l[gbpclippedm(x) Z 07] (313)

fp(lzlipped7n(x) — gpglipped,n(x) S O(l) . ’gbp;:lipped’n(x) - gbp;lipped’n(x) (314)

Taking the distribution Dy to be an equal-weight mixture of (i) the distribution D in the
premise of this claim and (ii) the convolution of D with the normal distribution A (0,7n1;) we
see that for every piPpPed in Celivped there is h in H for which?

Pr,p[[p™PY(z) — h(z)|] < 2e, (3.15)
Pr .. clipped (0 4 p2) — h(z + < 2, 3.16
t g, [P ) — b+ n2)]) < 2 (316)

which via the definition of ¢ for clipped polynomials and the triangle inequality implies that

‘Ea:ND [¢pclipped7n(x)] — Ewa [gbhm(l‘)” S ExND { qbpclipped,n(x) — qf)hm(l’) :|

< 2Bup(lp™PP (@) — h(@)[] + EzwmoD]d)[lpdipped(fﬂ +nz) = h(z +n2)[] <O(e). (3.17)

4Note that the error over Dy is the average of the two errors in the inequalities below.
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Together with Equation (3.14), this implies that

| Eonp [&petivrea (2)] = Eonp &y (2)]| < O(1) - Epnp { Ppetivped 5 (L) = P ()

] < 0(e). (3.18)

By the standard Hoeffding bound, since ¢ and ¢ are always in [0, 1], with probability
1 —§/2 for every h in H we have

1

\ Evs[6ny(®)] — Eanp wh,n(x)]\ < ﬁoaog(ww» < (3.19)

\ Eye1600(2)] — By (0)]| < —=O(log(|H]/5)) < (3.20)

where the last step for both inequalities follows by substltutlng |H|, |S|, A and taking C' to
be a sufficiently large absolute constant.
We observe that Fact 10 and Equation (3.11) together imply that?:

Ewa[

clipped clipped
PP ) — 57 )] = B

PP () = 5 @) )] < 0Ce).

sup
pilipped ’ptztlipped cCclipped
(3.21)

From the above, we can also conclude that with probability 1 — § over S for every pair
clipped _clipped - in Cchpped

Dy , Dy we have the following:
clipped clipped clipped clipped
B o ) = e g2 |-B_gop (54 ) = o5 4 )
2~N(0,14) 2~N(0,15)

E. x| Ezvs|

P (a4 02) = 5P @+ 12) | — B

P @+ ) — PP @ )|

~
<O(e) by defining p§ PP (z) := p{"PP*d (a4 nz), p§ PP (@) 1= p3 PP (@ + n2),
and using Equation (3.21)

We now come back to the setting of Equation (3.15). p®iPPed is a function in CcliPped

and h in H satisfies Equation (3.15). Using the definition of ¢, the triangle inequality, and
Equations 3.21 and 3.22 we also see that

[ Eans[@han(@)] = Exns [@petiones  (2)]] <

2Pr, s/ ]h — petipped (g )H + Przwﬁst }h x +nz) — pTPPed (x4 nz)H <
2Pt ph(r) # S+ Pr_gep [ba12) # Jlo+ 7] < O), (329

SEquation (3.11) tells us that the difference p; — po can be e-approximated in L., norm by a function of
the form Zre{—2,—2+e,—1+2e ..... to T fr(x), where each f. is a degree-2k PTF. Then, Fact 10 together with
triangle inequality tells us that the inequality above holds when C' is a sufficiently large absolute constant.
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where in the last step we substituted Equation (3.15) and Equation (3.16). By Equation 3.14,
we see that

| Eans[Snn(7)] = Bons[Spn(0)]] < O) - [Eons[dng(r)] — Eans[drq(2)]| < Oe),  (3.24)

Analogously, by combining the triangle inequality with Equations 3.18, 3.20 and 3.24 we
derive the following:

max | Eovslé1(2)] = Eavnléra(@)]| < 06, (3.25)

which together with Equation (3.13) and Equation (3.12) implies Equation (3.9).
[

The following claims follow from VC theory (see e.g. [110] and the references therein):

Fact 9 (Generalization bound from VC dimension). Let C be a concept class and D be
a distribution over RE. For some sufficiently large absolute constant C, the following is
true. With probability at least 1 — 0 over a sample S of i.i.d. samples from D, with
|S| > C-VC(C)log(1/8)/e* the following holds:

sup lerrp(f) — erts(f)] < Ofe).

Fact 10. Let C be a concept class with VC dimension A and D be a distribution over RE. For
a sufficiently large absolute constant C, let S be a collection of CE—QA log(1/0) i.i.d. examples
from D. Then, the following holds with probability at least 1 — ¢

sup [Pros[fi(z) # fo(z)] = Prowp[fi(z) # fo(z)]] < O(e). (3.26)

f1,f2€C

In Section 3.1.4, miscellaneous claims about uniform convergence are shown, which are
used in the analysis of Algorithm 2.

We will use the notation of the form a = b+ ¢ as a shorthand for |a — b] < ¢. We will
also drop subscripts, particularly on ¢ and qg, when they are clear from context. Throughout
this work, wherever there is noise, the noise scale 7 is always 10r, where r is the desired
robustness radius. We use the notation ¢ ~ [—1, 1] to denote that ¢ is drawn uniformly from
[—1,1].

Sometimes we will write f(x) = Ber(p), to denote that f(z) = 1 with probability p and 0
with probability 1 — p.

3.2 Results and Pseudocode of Our Main Algorithm

Our main result is the following. It states the correctness and running time of the main
algorithm, ROBUSTLEARN.
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Theorem 10 (Correctness and complexity of Algorithm 1). Let ¢ > d=Y7, let r,§ € (0, 1),
and let C' be a sufficiently large absolute constant. Furthermore, let gg be an e-accurate local
noise sensitivity approximator for degree-k PTFs over R?, where k := %, and let the
running time and query complezity of ngﬁ be 7.

Let F be the class of linear threshold functions over RY and D be a distribution over
R? x {—1,1} whose R¢-marginal is isotropic, subgaussian and log-concave. The algorithm
ROBUSTLEARN, given i.i.d. sample access to the distribution D, with probability at least

1 — O(5) returns a hypothesis h : R — {1} for which the following hold:
errp(h) < opt + O(e)
Boundaryp, ,.(h) < O(r + ¢).

The running time and sample complexity are poly <d1°g2(1/5)/52 -log(1/0) - 7‘).

Corollary 4. By instantiating gE with the algorithm of Section 3.1.3, which evaluates queries in
poly (d1°g2(1/5)/52 : 10g(1/5)> time, ROBUSTLEARN runs in total time poly (d1°g2(1/€)/€2 : log(l/é)).

Algorithm 1 ROBUSTLEARN(D, ¢, d,r):

1: Input: sample access to distribution D over R? x {41}, error bound ¢,

2 confidence bound ¢, robustness radius r

3: Uses: local noise sensitivity approximator ¢. (See Definition 13)
4: Output: hypothesis h: R? — {—1,1}

5. p:= LEARNREALVALUED(D, ¢, ). (See Algorithm 2)
6: return COMPUTECLASSIFIER(D, p, 7, €, ). (See Algorithm 5)

The algorithm has two “phases”™ LEARNREALVALUED, which solves a convex relaxation
of the learning task, and COMPUTECLASSIFIER, which rounds the real-valued hypothesis
to a Boolean one with small boundary volume. We present and analyze these algorithms in
Section 3.3.3 and Section 3.4.3 respectively.

Theorem 11 (Correctness of Algorithm 2, LEARNREALVALUED). Let r € (0,1), and let D
be a distribution over R? x {£1} whose R%¢-marginal is a subgaussian isotropic log-concave
distribution over RY. Let F be the class of halfspaces on RY. Then, for some sufficiently
large absolute constant C, the algorithm LearnRealValued, given €, and sample access to

D, runs in time poly (do(logQ(l/E)/EQ)) and will with probability at least 1 — O(9) return a
degree-O(log®(1/¢)/€?) polynomial p for which the following hold:

tN[ 171] (may)ND SIgﬂ(p t)zlo (a:) — ( )7 (3 )
) > . ? < ‘ ) . 8
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Pr [sign(p(x) —t) # y]| < opt+ O(e). (3.29)

t~[-1,1] | (z,y)~D

Theorem 12 (Correctness of Algorithm 5, COMPUTECLASSIFIER). Let ¢ > d~ /7 and
0,7 > 0. Let ngS be an e-accurate local noise sensitivity approximator for degree-k PTF's over
R?. Let D be a distribution over R? x {—1,1} such that the R%*-marginal is isotropic and
log-concave. Let p: R* — R be a polynomial of degree at most k satisfying

tN[]E171] (m,yl%\,l)[qsslgll(p—t),qu ('T)] — 1OOT (6)’ (3 3 )
I I ( )S.g]ﬂ p(x t).107r > “' ; < ( ) E). . l

Then the algorithm CoMPUTECLASSIFIER(D, p,r,€,0), given sample access to D and

query access to ¢, outputs a hypothesis h : R? — {—1,1} such that the following properties
hold with probability at least 1 — O(9):

errp(h) < E  [errp(sign(p — t))] + O(e)

tr[—1,1]
Boundaryp .(h) < O(r +¢).

The running time and number of queries to ¢ are poly(dF - 1/e - log(1/6)).

3.2.1 Proof of Theorem 10

In this section we prove the main theorem assuming Theorem 12 and Theorem 11.

Proof of Theorem 10. By Theorem 11, with probability 1 — O(¢), the output p of LEARNRE-
ALVALUED is a degree-k polynomial satisfying

. < .
tN[I—El,l] L% 3)END [nglgn(pt),wr(x)}} < 100r + O(e), (3.32)
: > 0.7 < .
(x,g))IND [t~[E1,1} [Dsien(o(a)-1)10r ()] 2 0 7] < 0G), (3.33)
B [Prigyn [gn(p(z) = 1) # y]] < opt +O(c). (3.34)

This polynomial p is the input to COMPUTECLASSIFIER. We see that the premises of
Theorem 12 are satisfied by the guarantees of Equation (3.32) and Equation (3.33). Taking the
conclusions of Theorem 12 and combining it with Equation (3.34) we see that the hypothesis
h we return satisfies

errp(h) < tN[I_ElLH lerrp (sign(p — t))] + O(e) < opt + O(e),
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Boundaryy, ,.(h) < O(r + ¢),

which concludes the proof of correctness.

We now analyze the sample complexity and running time. By Theorem 11, LEARNREAL-
VALUED takes d°0°*(1/9)/<) oy (log(1/8)) time and samples. By Theorem 12, since the degree
of pis O(log?(1/¢)/e2) and ¢ > d~'/7, COMPUTECLASSIFIER takes d2(°8*(1/9)/=%) poly(log(1/6))
time and queries to ngS Evaluations of ngS take time 7, so the total running time is

pOly(legQ(l/E)/Ez) . log(l/é) . 7)7

and all components succeed with probability > 1 — O(J). O

3.3 Pseudocode and Analysis of LearnRealValued

In this section we present and analyze our algorithm for learning a polynomial with small
noise sensitivity and isolation probability.

Algorithm 2 LEARNREALVALUED(D, ¢, 7):

: Input: Sample access to distribution D, error bound e, robustness radius r
. Output: hypothesis h: {-1,1} = R

. Set k== —Clog;(l/e).

. for ¢in {1,--- ,log(1/§)} do

S; = {Cd°* -log(1/6)/e? i.i.d. draws from D}.

T; = {Cd°* -log(1/6) /? i.i.d. draws from N(0, I;)}

Let p; be the output of the following convex program:

e Domain: polynomials over R? of degree k.

e Minimize: }_, o [p(z) — Yy

e Constraints:
— Define (5(:6>p,T,107“ = ﬁ > et |f(x)7j;(x+m)‘
— Define &p,T,lOr =10 - ]l[éf;(flf)p’T’lor > 06] . (Qg(x)p,T,IOT — 06)
— Constraint 1: \_él > es Gpraor(z) < 1007 +

— Constraint 2: ‘—3q| > ses Upraor(z) < e
8: 1" = argmin, (E(I,y)"“si [\pd?—y\])

9: p = pl*
10: return p
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3.3.1 Facts About Log-Concave Distributions

Definition 16. A distribution D over R? is is called C-sub-Gaussian, if for any unit vector
u:
Prypllu- x| > 1] < exp(=Ct?)

foranyt > 0. We say D is sub-Gaussian, if D is C'-sub-Gaussian for some absolute constant

C.
See e.g. [105] for the following fact:

Fact 11. If Dy and Dy are log-concave distributions over R?, then the convolution of Dy and
D, is also a log-concave distribution over R,

Likewise, the following fact follows directly from the definition of a sub-Gaussian distribu-
tion:

Fact 12. If D, and D, are sub-Gaussian distributions over R¢, then the convolution of D,
and Ds is also a sub-Gaussian distribution over R®.

The following fact can be found in [105]:

Fact 13. If a distribution D over R? is isotropic log-concave, then the projection of D on
any linear subspace in R? is likewise log-concave.

The following two facts can be found in [68], [8] and the references therein.

Fact 14. If a distribution D over R? is isotropic log-concave, then for some absolute constant
Cs, for any unit vector u and every interval J C R, we have Pry.p[{u,x) € J] < |J|.

Remark 13. It follows from a direct change-of-basis argument that Fact 14 still holds if the
premise that the distribution D is isotropic® is replaced by a slightly more general premise
that D mean zero and satisfies:

Tixa = Epoplza®] < 2001454

For the following fact, see e.g. [50] and the references therein:

Fact 15. If a distribution D over R? is log-concave, then for some absolute constant Cy, if p
is a degree-k polynomial for which E,.p[(p(z))?] < 1, then for any B > €* it is the case that

Pr,.p[(p(z))? > B] < exp(—C,BY¥)

One can use the fact above to conclude the following:

6Recall that the condition that D is isotropic means that D has zero mean and covariance Iyyg.
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Observation 14. If a distribution D over R? is log-concave, then for some absolute constant
Cs, for every degree-k polynomial p it is the case that

E.pl(p(2))?]

EINDHP(ZE)” (C5/€)C5k

v

Proof. Without loss of generality, we can assume that E,.p[(p(z))?] = 1. For any B > 0, we

have ) )
Eopllp(@)]* Tp@i<s] 1= Eaunllp(@)* Ljp)> 5]

Eypllp(o)]) > | - (339
Using Fact 15, we have
+o0
Evenllp(@)f'] <Y+ [ Proplp(e) > 5146 <
8=0

o4 [ (et exp-cig)ap < O,
/=0

which allows us to conclude that

2)13 O(k)
Eenp[lp(2)]* Lpy>n] < EM[g( M (O(]??) '

Taking B to equal (C'k)°'* for a sufficiently large absolute constant C’, and substituting the
bound above into Equation (3.35) finishes the proof. O

3.3.2 Approximating Halfspaces with Polynomials

Claim 4. Let h be a linear threshold function over R? . Then, for every absolute constant
C, there exists a polynomial p of degree O(1/e?log?(1/¢)), such that for any C-sub-Gaussian
log-concave distribution D over R¢ satisfying Ijxq = Ewa[l'.Z‘T] =< 200144 we have

Eevpl[h(z) — p(2)]] < O(e)

Remark 15. Recall that a distribution D is log-concave if the logarithm of the probability
density function of D is concave. Note that the constants hidden by the O(-) notation in
Claim 4 are allowed to depend on the sub-Gaussianity constant C.

To prove the claim above, we will need the following proposition from [46]:

Fact 16 (|46]). There exist absolute constants Cy and Cs, such that for every e € (0,0.1),
there exists a univariate polynomial P satisfying the following. Denoting a = 2(1/5) and

C410€g
1 2
K = C5log€ =0 (bgs—zl/s), it is the case that

a

e The degree of P s at most K.
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e P(t) € [sign(t),sign(t) + €] for all t in [-1/2,—2a] U[0,1/2].

o P(t)e[-1,1+4¢] fort in [—2a,0]

o |[P(t)] <2 (4t)K for all |t| > 1/2.

The proof below follows closely the line of reasoning in [46]| and is included for completeness.

Proof of Claim 4. For a unit vector u h(z) = sign(u - x — 7) (assuming 7 = 0 for now)

If |7| > log(1/e) the statement follows immediately by taking P to be the constant
polynomial that equals to sign(7) everywhere in RY. The error between h and P will be
upper-bounded by O(e) via Definition 16 and Remark 13.

Otherwise, we have |7| < log(1/¢). Let P be the polynomial in Fact 16 and take

1/2
w = Cg (1°g L/ 5) for a sufficiently large absolute constant C. Denoting by Dprojected the

projection of distribution D on the unit vector u, we can bound the error as follows using
Fact 16:

E.pllsign(v-z—7) — P((u-z—71)/w)|] = E

sign(z —7) — P((z — 7)/w)|] <

ZNDprojected [

K
Z—T
8+2 PerDprojected[_za' S Z/w_T S O]+]E2NDprojected [(2 ' (4 ' w ) + 1> ﬂ(z_T)/w21/2]

(3.36)

The second term above is bounded by O(aw) due to Fact 14 and Remark 13. We also note

1/2
that since |7] < log(1/¢) and w := Cj (k’gz—;/e> , for sufficiently large absolute constant Cg

we gave |7|/w < 0.1. Therefore, whenever (z — 7)/w| > 1/2 we also have z > 0.4w. This
allows us to upper bound

E.pllsign(u-z—7) — P((u-x—7)/w)|] <

K
e+ O0(aw) + Ezoppeciea K? : (4 : % + 0~1) + 1) ﬂz|>o.4w} =

2\ K
€+ O(aw) + EZNmejeCted |:<3 . (5 . —) > ﬂz|>0.4w:| (337)

w

Decomposing the interval [0.4, co] into a union (J;=,[0.4 - 2, 0.4 - 2°*1] and using Definition 16
and Remark 13 we can now upper-bound the last term above as follows:

2\ K
EzNDProjeCted |:<3 ’ <5 ’ _> ) ]]‘|Z|ZO.4’LU:| S

2 Z PerDprojected [|Z| > 2t 04w}) <

62 ((4- 2% exp(—C(275w)?)) (3.38)
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1/2
Substituting K = O <1°g2—1/6> and w = Cy (bg2—21/5> , we can bound each term in the sum

€2 €
above

e2

(4- 295 exp(—C(2Pw)?) < exp (@- 12).0 <1og;1/e) . 02M>

For a sufficiently large absolute constant Cg the above is at most /2!, which substituted
into Equation (3.38) gives us

2\ K
EzNDProjected |:(3 : (5 ’ _> ) ]l|2|204w:| S €.
w

Finally, substituting the inequality above into Equation (3.37), we get
B, p([sign(u - z) — P(u - z/w)|] = O(e),

finishing the proof. [

3.3.3 Analyzing LearnRealValued

Theorem 11 (Correctness of Algorithm 2, LEARNREALVALUED). Let r € (0,1), and let D
be a distribution over RY x {£1} whose R¢-marginal is a subgaussian isotropic log-concave
distribution over R?. Let F be the class of halfspaces on R?. Then, for some sufficiently
large absolute constant C, the algorithm LearnRealValued, given €,6 and sample access to
D, runs in time poly (d0(10g2(1/5)/‘32)) and will with probability at least 1 — O(9) return a

degree-O(log®(1/¢) /€?) polynomial p for which the following hold:

tN[]EJ} LM}?N [gbmgn(p_t),mr(x)]} 1007 + O(e), (3.27)
P E |¢g _ >0.7 <0 2
(z,y)rND LN[—LH[ sign(p(z) t)’loT(x)] =0 7] < 06e), (3.28)
E Pr [sign(p(z) — ¢ < opt + Ofe). 3.29
B [(%y)ND[ gn(p(z) )#y]] < opt+O(e) (3.29)

2

We first argue that the run-time is indeed dOUg®(1€)/<*  The algorithm operates with
polynomials of degree k = O(log?(1¢)/e? over R%, which are described via d°(k) coefficients.
It remains to show that the constraints for the optimization task are indeed convex in the
coefficients in the polynomial p. Recall that the constraints are:

e Constraint 1: ﬁ Y ozes (Z;p,mor(iﬂ) < 100r + ¢

e Constraint 2: ﬁ > ves Uprion(x) < e
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To see that these constraints are indeed convex, first note that, by definition of $p7T710T(x)
and the triangle inequality, we have for any pair of polynomials p;, ps,  in R? and « € [0, 1]

¢(O¢p1+(1fa)p2),T,1Or($) S aQ;pLT,lOr(x) + (1 - a)&pQ,T,lOT(l’)’ (339)

which implies that Constraint 1 is convex. Likewise, reclalling the definition of

Upror =10 1[$(2), 7100 > 0.6] - ($(2)p7,10- — 0.6),

and combining it with Equation (3.39) we see that

77Z~Jozpl+(lfoz)pg,T,lOr(x) S OﬂszhT,lOT(x)(l - a),lj)pg,T,lOr(x)'

We now proceed to the proof of correctness, the following claim will be key to our argument,
which will be proven in the next subsection (Section 3.3.4):

Claim 5. For any specific iteration i of the algorithm, the polynomaial p; will satisfy the
following:

E(ny)s, [qﬁplT m(x)] < 100r + O(), (3.40)

E(x,y)NSi ["Z}pi,Ti,lOr(x)] < 0(5); (341)
and the following holds with probability at least 0.9:

|pi(z) — yl]

Boprs | PO < i (Priyen [10) £ ) + 0 (3.42)

feF
We now prove Theorem 11 assuming Claim 5.

Proof of Theorem 11. First we note that for sufficiently large value of the absolute constant
C', with probability at least 1 — O(4d) for all ¢ in {1,--- ,log1/d}, the set S; will satisfy
Claim 2, Claim 3 and Fact 9, and the set T; will satisfy Claim 2. Furthermore, since the
main iteration is repeated O(log1/d) times, the we see that with probability 1 — O(4) the
polynomial p = p;+ will satisfy Equations 3.40, 3.41 and 3.42. Denoting S = S;« and T' = T},
we have

Since S satisfies Claim 2
.

EtN[fl,l] []E(:r,y)ND [stign(pft),lOr(x)}} < Etw[fl 1] [E(:v y)~S |:¢sign —t),107 (I)jH + O(€> <
S Etrv[fl,l] [E(a:,y)NS [Qgsign(pft),T,l()r($):|:| + O( ) < E (z,y)~S [pr T, 10r( )} + 0(5) S 1007 + O(E)a
o | N——————r

By Equation (3.40)

TV
Since T satisfies Claim 1, and WLOG e < 0.02. By Fact 4

which gives us Equation (3.27). We now derive Equation (3.28) as follows:
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Since S satisfies Claim 3
7\

Pr [Ete[—l,l} [gbsign(p(an)—t),lOr] 2 07] S ( Pr [Ete[—l,l] [¢Sign(p—t),10r(x)] 2 067] + O<8) S

(z,y)~D z,y)~S
< Pr [Epp1ndsignpo,ri0r(2)] > 0.65] + O(e) < O(1) gz y)os [sz,T,lor(i)] +0(e). < O0(e)
(z,y)~S N——
N ~~ d e - . By Equation (3.41)
Since T satisfies Claim 1, and WLOG ¢ < 0.02. By Fact 4 and definition of ¥ (Section 3.1.1)
Finally, we derive Equation (3.29) as follows:
Since S satJiEﬁes Fact 9
Eio1,) [errp [sign(p — )] < By [er7s [sign(p — £)]] + O(e) <
p\x) —Yy
< E@y)~s [%] + O(e) < opt+ O(e)
————
N ~~ ~ By Equation (3.42) and defn of opt
By Fact 4
]

3.3.4 Proving Claim 5

Finally, we finish this section by proving Claim 5. Inspecting the algorithm LearnRealValued,
we see that the linear program is always feasible for any input dataset .S;, because the all-zeros
polynomial will satisfy the constraints in the linear program (i.e. Equations 3.40 and 3.41).
It remains to show that with probability at least 0.9 there exists a polynomial p; satistying
all three of Equations 3.40, 3.41 and 3.42.

Suppose f* is the optimal halfspace for D, i.e.

Pr o [f(7) #y| = 5{11;1 (Pragy~n [f(x) # 4]) - (3.43)
Let Diarginal denote the R%-marginal of D, and let D) arginas denote distribution of x + 107z,
where z is sampled from Dpargina and z is sampled from N(0, I;). Since Diyarginal is assumed
to be sub-Gaussian log-concave, Fact 11 and Fact 12 tell us that D, .. is also sub-
Gaussian log-concave. Furthermore, since Dpargina 1S isotropic (i.e. has mean zero and
identity convariance) and r is in (0, 1) we see that

Iy = Euop [z2”] < 1011,.

marginal

Therefore, Claim 4 tells us that for a sufficiently large absolute constant C’ there is a
polynomial of p* of degree M for which

B Dpparginar 17 (2) = p"(2)]] < O(e) (3.44)

E, p; 1" (z) = p"(2)[] < O(e) (3.45)

marginal
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Recall that for each element (z,y) in S;, the variable x is distributed according to Darginal-

Similarly, for each (z,y) in S; and 2z in 7; the sum = + 107z is distributed D! This

marginal
allows us to use inequalities above to conclude that with probability at least 0.99 we have

p*(x) = f(x)[] < O(e) (3.46)

p*(z+10rz) — f*(xz + 10rz2)|] < O(¢) (3.47)

Ey)s, |

E(z,y)NSi,szi [

In the remainder of this section we show that with probability at least 0.9 over the choice of
S; and T; the choice p; = p* will indeed satisfy Equations 3.40, 3.41 and 3.42.

Bounding ]EmNDmarginal [¢f*5107' (w)] and ]EwNDmarginal [,lp.f* (w)]

Recall that f*(z) = sign(u - x — 7) for some unit vector u and real 7. Here, we show that f*
satisfies the following two inequalities

]ExNDmarginal [¢f*,101” (:E):I S 60r7 (348)

]ExNDmarginal [wf* (:B)] = 0 (349)

Indeed, fix a specific value of z. Recall that ¢ s« 10,(x) is the probability that sign(u -z —7) #
sign(u - (x 4+ 10rz) — 7) where z is sampled from N(0,I;). With probability at least 0.5
over the choice of Z we have sign(u - z) = sign(u -  — 7) which leands to sign(u -z — 1) #
sign(u - (z + 10rz) — 7). Thus, ¢4 10-(x) < 0.5 and substituting this into the definition of 1
we see that ¢ (x) = 0, which proves Equation (3.49).

Now consider points z in R¢ such that |u - 2 — 7| is in the interval [10r - (i — 1), 10r - ¢] for
an integer 7. We have the following two observations:

e By Fact 14, we see that the probability over z sampled from Diargina that |u -z — 7|
is in the interval [10r - (i — 1), 10r - i] can be upper-bounded by 20r-.

e For a fixed x for which |u -  — 7| is in the interval [10r - (i — 1), 107 - 4], via Chebyshev’s
inequality, it follows that

Pr. (0.1 [Sign(uwz—7) # sign(u-(z+10r2)—7)] < max (1, (L))Q) — max (1, (

10r(i — 1

Combining the two observations above, we see that

oo 1 2
]ExNDmarginal [¢f*,101” (:L'):I S Z QOT max (17 (7/ _ 1) > S 60r7
=0

which yields Equation (3.48).
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Bounding E(z y)~s; [J)p*,Ti,IOT(w)] and Bz y)~s; ["I’P*,Ti,IOT' ()]
We observe that
} <

f*

p*(x) — p*(x + 10rz)

E(ﬂﬁﬁy)NSi [a)p*,Ti(x)] - E(x,y)wsi [

ZNT,L'
[*(@) = f*(z 4+ 10rz)
Ez,y)~s; 5
ZNTi
B y)msi (0571100 (2) [+ By

|

p*(x 4+ 10rz) — f*(x + 10rz)
z~T
“(z+10rz) — f*(z + 10rz2)|.

] +E(z,y)~s; [

“(w) = f ()| + ]E(x,y)~S¢,ZNT¢

~
=0(e) by Equations 3.46 and 3.47

(3.50)
Analogously, by inspecting the definition of ¢, we see that for any = we have

“(x 4+ 102) — p*(x + 102)|]]

G, (&) = e (@)| < 1 (@) =P ()] + O(1) - Eun, |
Averaging over x in S;, we have

E(way)NSi [&P*,Ti (:L‘)] <

(e )si [0+ 1100 (2)]+O(1)- ( (x4 10rz) — f*(x + 107“z)|)1.

*(33) - f*(x)’ + E(x,y)~Si,szi

TV
=0(e) by Equations 3.46 and 3.47

(3.51)

Recall that f* is a {#1}-valued function, which implies that ¢ s« 1, 10,(2 + 10r2) is in [0, 1]
for all x and z. This allows us to use the Chebyshev’s inequality to conclude that:

Er, [ 5 () —¢f*,mr(x)u <0 (\/TT_‘) .

Inspecting the definition of 1;, we see that for any x it is the case that

(7)) = 1/’f*(x)’ <0(1)- ) 1100 () — ¢f*,10r(x)7

which implies that

Er, HY;fT(«T) —wf*(""")ﬂ =0 ( ?ﬂ\)

Averaging the inequalities above over x in S;, we have:

e [ [t orswt0] <0 i)
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Er, [E(z,ywsi H@;f*,n(x) — (fv)m <0 (ﬁ)

Thus, with probability at least 0.99 over the choice of T;, we have

1

’E(x,ywsi [Ggf*,Ti,lor(l’)} — E@y)~s; [¢f*,10r(37)]‘ < Ey)~s: H&f*,n,wr(x) - ¢f*,10r($)H <0 T

(3.52)

‘E(x,y)wsi [@/N)f*,Ti(fU)} — Eay)s, [’(/)f*(l‘)]‘ < Eys HzEfT (z) — by (x)H <0 (\/|1T_z|)

(3.53)

Again, recalling that f* is a {£1}-valued function, we see that ¢ s« 10,() is in [0, 1] for

all x and s (z) is likewise bounded by O(1) in absolute value. This allows us to use the

Chebyshev’s inequality to conclude that with probability at least 0.99 over the choice of S;
we have:

1
}E(%y)NSi [st*,l()r(x)] - EINDmarginal [¢f*,10r(x)” <O (\/m) (354)
1
B ymsi (05 (2)] = BanDparginar [V ()] < O ( \/’S—|> (3.55)

Overall, combining Equation (3.48), Equation (3.54), Equation (3.52) and Equation (3.50)
we see that with probability at least 0.97 over the choice of S; and 7T; it is the case that

E (s~ [0p 10r (%)) < 60 + O(e).

Similarly, combining Equation (3.49), Equation (3.55), Equation (3.53) and Equation (3.51)
we see that with probability at least 0.97 over the choice of S; and T; it is the case that

E(%y)NSi [QLP*»Ti ([)3)] < 0(6)
p* has a small empirical error.

Finally, we argue that with probability 0.99 we have E, s, [W} < E@y~p ['f*( 2)y ‘] +
O(e). Indeed, Hoeffding’s inequality implies that with probability at least 0.995 we have

Eay)~s; {’f & ;_yq < E(oy)on Pf (2 Q)—yq -

whereas Markov’s inequality tells us that with probability 0.995 we have
() — p*(x (x) —p*(x
0] < 00y [ 70 e

E.)~s
(7?/) Si 2 2
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Overall, we see that with probability at least 0.99 it holds that

Lo y)~s; {W} < By~ {W} +E@y)~s: Pp*(x) ; f*(x)q < B(zy)~p {Lﬂ} +0(.

3.4 Pseudocode and Analysis of ComputeClassifier

3.4.1 Local Correction of Adversarial Robustness

Theorem 16 (Correctness and complexity of Algorithm 3). Let ¢ be an e-accurate local
noise sensitivity approzimator for degree-k PTFs over R?, and let T be the run-time and
query complezity ofngS. Then there exists an algorithm ROBUSTNESSLCA(x, g,r) that takes
x in RY, query access to a function g : R — {—1,1}, perturbation size parameter v in (0, 1).
The algorithm makes O(T) queries to g, runs in time O(T + d), and satisfies the specifications

below.
Let D be a distribution over R?, and let g be a degree-k PTF. Let the function h : R —
{=1,1} be defined as h(x) := ROBUSTNESSLCA(x, g,7). Then the following properties hold:

a) Proplg(x) # h(z)] < i50p 10:(9,0.8).

b) Prypldgior(z) <0.1]>1-0 (1@@,107«(9))-

¢) For every = in R, if ¢g10.(x) < 0.1, then for every «’ with ||z’ — x| < r we have
h(z") = h(z) .

Algorithm 3 ROBUSTNESSLCA(z, g, 7):

Input: point x € RY, black-box representation of a function g : R¢ — {—1,1},
robustness radius r
Uses: local noise sensitivity approximator ¢. (See Definition 13)
Output: b€ {—1,1}
if ¢g10-(x) > 0.8 then
return —g(x)
else
return g(z)

Proof. Inspecting the algorithm ROBUSTNESSLCA, we see that condition (a) follows directly,
as only isolated points have their labels changed. Meanwhile, condition (b) follows directly

from Markov’s inequality and the definition of NS (Section 3.1.1). R
To show condition (c), we first recall that by the assumption that ¢ is an e-accurate
approximator, for every degree-k polynomial threshold function ¢ and every z in R¢ we have

Gg10r(2) — dg0r(x)] < € < 0.01, (3.56)
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where for the last we assumed without loss of generality that ¢ < 0.01. This implies that
whenever ¢, 10-(x) < 0.1 we have ¢, 10-(x) < 0.11. Suppose 2’ has distance at most r from z.
Since ¢4, () is defined as

Pg10r(T) = ZNAE’({)JCZ)[Q(%) # g(z + 10rz)],

we see that

Pr [g(x) # g(2' +10r2)] <

2~N(0,I4)
15(5 . )[g(x) # g(x + 10r2)] + dry (N (2, 1000 1,), N((2'), 100%1,)) <
zn sLd
[l — '
P 1 —
ot lo(@) # 9w+ 10r2)[ + 0=,

where the last inequality is implied by Fact 5. Overall, since we know that ¢, 10,() < 0.11
and ||z — 2| < r, we have

P ' +10rz)] < 0.16.
L let@) # gl +10r2)] <

Now, we consider the following two cases:

e Suppose g(z') = g(x): then the above implies that ¢4 10,(2") < 0.16, which combined
with Equation (3.56) implies that ¢ 10,(2") < 0.17. Therefore, by inspecting the
algorithm ROBUSTNESSLCA we see that h(z') = g(2') = g(x) = h(z).

e On the other hand, suppose g(z') = —¢g(x). Then, we have ¢4 10,(2") > 1 —0.16 = 0.84,
which combined with Equation (3.56) implies that ¢, 10,(2’) > 0.83. Therefore, by
inspecting the algorithm ROBUSTNESSLCA we see that h(z') = —g(z') = g(z) = h(x).

In either case, we have h(x') = h(x).
O]

3.4.2 Finding Good Rounding Thresholds

Theorem 17 (Correctness of Algorithm 4). Let ¢ € (0,1) and D be a distribution over
R? x {&1}. Let ¢ be an e-accurate local noise sensitivity approzimator for degree-k PTFs
over RY. Let p: RY — R be a polynomial of degree < k satisfying the following:

]E sign(p— Id S 1 5 .
B G E g0 10r(2)]| < 1007+ O(e) (3.57)
@ 5)217 (Bt 1.1] [@sign(pa)—0).100 ()] > 0.7] < O(e). (3.58)
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The algorithm COMPUTEROUNDINGTHRESHOLDS outputs real numbers ti,ty,t3,t4 and

wy, Wy, ws, wy € [0,1] such that Y, w; = 1. Let the hypotheses g1, g2, g3, ga be defined as

gi(z) = sign(p(x) — t;).

Then the following properties hold with probability at least 1 — O(6):

o > w;-errp(g;) < By ylerrp(sign(p — t))] + O(e)
o 3, w; - NSp 0.(g:) < 200r + O(e).

° > w;- i/SBD,IOT(ghOB) < O(e).

Algorithm 4 COMPUTEROUNDINGTHRESHOLDS(D, p,7,€,0):

10:
11:
12:

13:
14:

15:

16:
17:

18:
19:

Input: sample access to D, robustness radius r,
error bound ¢, confidence bound §
Uses: local noise sensitivity approximator gg (See Definition 13)
Output: thresholds ¢ = t1, to, t3, t4 € [—1, 1] and weights @ = wy, wy, w3, wy € [0, 1]
Initialize Q) = @.
M + 100/ - log?(1/6) i.i.d. samples (z,y) from D
for i € [log(1/0)] do
for j € [100/£%] do

Draw rounding threshold ¢ u.a.r from [—1, 1] and define rounded function p;(z) =
sign(p(z) — t).

Let erry = errp/(py). X

Let NS, = 11+ 30, c 1 Optor (2).

Let is0p = i1+ > pepr Ldp 100 () > 0.8].
Let g; := (err;, NSy, i80;).
Add ¢; to Q.

Opt = ﬁ Z(errt,NSt,isot)EQ<errt)

for tuple ¢1,¢2,¢3,q4 € Q* do
Solve the linear program with variables wy, wsy, w3, wy defined by the following

constraints:
° Z?:l w; =1
. Zle wigi1 < opt + Ce C' is a sufficiently large absolute constant.
° Zle w;gio < 200r 4+ Ce
o 2?21 w;qi3 < Ce
If a solution is found, return f= t1, 1o, t3,t4 and W = wq, wo, w3, Wy.

return |
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We argue that with high probability over the choice of the O(1/&?) random rounding
thresholds, the equal-weighted mixture of the rounded functions has each of the desired
properties.

Claim 6 (Properties of the equal mixture of all rounding thresholds). Let ¢ € (0,1). Let
p:RY— R be a polynomial of degree < k satisfying the following:

L EtN[—l,l] |:E(w,y)~D[&sign(p—t),lOr(x)]] S o

L Pr |:Et€[fl,1} [Qgsign(p(x)ft),l()r (17)] > 075} < 0(6)

(z,y)~D

Let © be a set of 100/£? real numbers drawn uniformly and independently from [—1,1]. Then
the following hold with probability > 0.99:

(a) Ecolerrp(sign(p — t))] < Eyo_11y[errp(sign(p — t))] + O(e)
(b) Ete@[EIND[Qgsign(pft),lor(x)]] S 2a + 0(5)

(C) Ete@[PrxND[Qgsign(p—t),IOr(x) > 08]] < 0(6)

Proof of Claim 6. We will show that each of the conditions holds with high probability, then
union bound.

(a) Let X =), gerrp(sign(p —t)). We have Eg[X] = |0 - ;1 yj[errp(sign(p — t))] and
we apply Hoeffding’s inequality:

Pr tE@[eer(sign(p —t))] > [E1 ; lerrp(sign(p — t))] + ¢
~ t~]—1,

=Pr[(X — E[X])/|O] > ¢] < exp(—2¢*-100/¢?) < 0.001.

(b) We have by assumption that

E B [bugpn(2)] <

tr[—1,1] 2~D

Let X = >0 ]Emwp[gzgsign(p_t),wr(x)], which has expectation < |©| - a. Then by
Hoeffding’s inequality, we have

Pr[X/|0] > a + ¢] < Pr[(X — E[X])/|0] > €] < exp(—2¢®-100/¢*) < 0.001.

(c) We have by assumption that Pr,p[E¢—1 1 [(ﬁsign(p_t)} (x) > 0.75] < O(e). We want to
bound

tL]?J@ ZP:%[QSsign(pft) (93) > 075]
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We can upper bound this by
0E) + E Pt dugnor(®) ~ B [Bugaipory(a)] > 0.05] =

tn© o '~ —1,1]

O(e) + Pr Pr [¢s1gnp 0(7) = By-1,1)[bsign(p-e ()] > 0.05].

x~D t~

Let X =3, ggsign(p_t)(x); by Hoeffding’s inequality we have

Pr | B [dignpr0(®)] > Bomf1.Bsignip (2)] +0.05] = Pr{(X — E[X]/|O]] > 0.05

< exp(—2-0.025 - (100/¢?))
< £/1000.

Thus, combining all three probabilities, we have:

xlzg) P@r Pr [Cbmgnp #,10r(T) = Eyap—11 [qgsign(p—t’)JOr('r)] > 0.05] < /1000

Then we apply a Markov bound:

%I“ xwggv@[ggsign(pft),wr(x) - Et’w[fl,l} [Qgsign(pft’),IOr(fL‘)] > 005] > € S 0.001

Union bounding over all the conditions, we have that all three conditions hold simultaneously
with probability at least 0.99 over the choice of ©.
m

Now we will show the existence of a mixture using four rounding thresholds from ©, and
show that COMPUTEROUNDINGTHRESHOLDS finds it. We will make use of the following
well-known theorem of Carathéodory.

Theorem 18 (Carathéodory’s theorem [29]). Let P C R¥ be a set of points and Conv(P) be
its convex hull. For any p € Conv(P), there exists a set S C P of k+ 1 points such that p
can be written as a convex combination of points in S.

Proof of Theorem 17. We first note that since 45 is an e-accurate local noise sensitivity
approximator for degree-k PTFs, Equations 3.57 and 3.58 respectively imply that”

E [Deign(p—t).100(2)] | < 1007 + O(e), (3.59)

t~[-11] | (e, >~

[Qgsign(p—t),mr(x) > 075] S 0(5) (360)

x~D
t~[—1,1]

"We assume ¢ < 0.05 without loss of generality.
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Thus, the assumptions of Claim 6 hold with o = 100r. For a threshold ¢, let the three-
dimensional point ¢, :== (erry, NS;,is0;) be defined as in COMPUTEROUNDINGTHRESHOLDS.
First we argue that each of these estimates is O(g)-accurate. Each estimate is the expectation
of a random variable bounded in [0, 1], so by Hoeffding’s inequality we have

Pr||err; — errp(sign(p — t))| > €] < exp(—2¢* - |M]),

and likewise for each NS; and iso;. We set M large enough that this probability is <
§/2-exp(—100/¢), giving us more than enough room to union bound over the log(1/4)-300/&?
estimates. Likewise, by the Hoeffding bound, we have with probability 1 — ¢ that

‘O/Ec — By -1,y [errp(sign(p — t))” <e.

Thus with probability at least 1 — 4, all estimates are e-accurate. Then, by Claim 6, we have
that with large constant probability over the randomness of the set O, there exists a convex
combination ¢* of the points {¢; : t € ©} that satisfies the linear constraints

o ¢*[1) < Eyo_1qferrp(sign(p —t))] + O(e) < opt + Ce
e ¢*[2] <200r + Ce
* ¢"[3] < Ck¢,

for a sufficiently large constant C'. That linear combination is the equal-weighted mixture
Eicolq:]. By Theorem 18, since the ¢;’s are points in R3, it is possible to write ¢* as a convex
combination of four members of {¢; : t € ©}. Thus, for some 4-tuple in Q*, the linear program
is feasible. COMPUTEROUNDINGTHRESHOLDS searches every possible tuple, guaranteeing
that a solution is returned.

By repeating log(1/6) times with independent draws of ©, the large constant success
probability is boosted to 1 — 4. O

3.4.3 Randomized Set Partitioning

In this section, we will prove the correctness of COMPUTECLASSIFIER. As explained in the
previous section, the output of COMPUTERANDOMTHRESHOLDS is a list of four weights and
four thresholds for rounding. The goal is for a small collection of sets — the sets of points
misclassified by each threshold and the sets of points for which ROBUSTNESSLCA guarantees
robustness — to each be partitioned such that w; of their mass falls into the i** part for each
i.

The partition is a set of intervals along a unit vector chosen uniformly from the subspace
orthogonal to the estimated mean vectors of the sets we want to partition. The intervals are
chosen to have mass wy, ..., w, under the one-dimensional standard Gaussian. We will argue
that with high probability over the choice of the random unit vector, all of our sets will be
approximately normally distributed in their projections on this vector, and thus the intervals
will contain the right proportion of their mass. The key fact underlying this argument comes
from the following theorem of [43]:
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Algorithm 5 COMPUTECLASSIFIER(D, p,1,,0):

10:

11:

12:
13:

14:

15:

16:

Input: sample access to D, polynomial p,
robustness radius r, error bound ¢, confidence parameter ¢
Uses: local noise sensitivity approximator ¢. (See Definition 13)
Output: Classifier b : RY — {+1}.
(t1,ta, t3, ty, Wy, wo, w3, wy) < COMPUTEROUNDINGTHRESHOLDS(D, p, T, ¢, 06).
(See Algorithm 4).
Stest < C'log®(1/0)/e? samples from D (for sufficiently large constant )
for i € [log(1/0)] do
M < 10d? i.i.d. samples (z,y) from D
For i € {1,...,4}, define the Boolean functions
h;(x) = ROBUSTNESSLCA (z, sign(p — t;),r)
RobustIndicator;(z) = ]l[ggsign(p,ti)’mr(w) <0.1]
For each i € {1,...,4}, let
fti < Eqyyen Ly # hi(z)]
f¥; < Kz y)er RobustIndicator;(x).

Obtain an orthonormal collection of vectors {ui,...,ug32} orthogonal to
Span(ﬂla s >N4>Mll> te 7:u£1)'

Generate a uniformly random unit vector u* in span(uy, ..., uq/2).

Compute a partition of the real line into intervals Ji,...,J; of Gaussian mass
wy, ..., wy respectively.

Check if the following hold for each i € [4]:
E(eyysualLly # hie)] A (w,0%) € ]
= E(I,y)NStest []1 [y 7é h; (l’)“ cw; £ C'e
(for sufficiently large constant C’).
IE (2,4)~Siee. [RODUstIndicator; () A (z, u*) € Jj]
= E,s,.. [RobustIndicator;(z)] - w; £ C'e
If so, return the function h defined by
ha) = Y0, hile) - 1w, ) € J
return |
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Theorem 19 (Concentration of random projections: special case of Theorem 11 of [43]).
Let D be a distribution over R¢ with mean zero and covariance bounded by Ayax in operator
norm. Assume also that D is supported only on points x satisfying ||x||, > vVd. For a unit
vector v, let D, denote the distribution of (x,v),x ~ D, and let Dy denote the distribution

of |||, /Vd,x ~ D. With probability at least

Amax In(1/¢) etvid
L=, o (‘Q <)\max In(1/2)

over a uniformly random unit vector v, the following holds for all intervals J:

PrjzeJ|— Pr [zel]|<e
2Dy o~Dy
2~N(0,02)

We apply this theorem to the distributions induced by a set we aim to partition. This is
our underlying distribution D conditioned on a (potentially randomized) indicator, such as
the indicator of a point being misclassified by a hypothesis; we will represent that indicator as
r(x). After projecting on the subspace orthogonal to our mean estimates, these distributions
will still not have mean exactly zero, so we incorporate an error term into our analysis to
account for that. The resulting claim is the following:

Claim 7 (Masses of intervals under random projections). Let r(x) be a randomized Boolean
function over R, P be a d/2-dimensional linear subspace in R, and J C R be an interval.
Let P be a d/2 x d matriz whose rows are an orthonormal basis for P. Assume the following
hold for some 31, 32 € (0,1) and B5 € ((d/2)7'/%,1):

e Bounded mean: |PE, p[r(z)z]|, < .

e Thin-shell support: Every x for which r(x) can be nonzero satisfies % =1+ 0.

e Large support: E, plr(x)] > bs.

For unit vector v, let D denote the distribution of (x,v),x ~ D conditioned on r(x) = 1.
With probability at least

QBB (o (81— 28, = 28)d
= Bs(1 — 28, — 250) p( Q( n(1/2)(1 + 51/ Bs) ))

over v drawn uniformly from unit vectors in P, we have

Frleedl— Pr lze JJ' < OB/ s+ B + ).
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Proof. Let p = Eyp,[z | r(r) = 1]. We will define D}, ,, to be the distribution of P(z — u)

and Dy to be the distribution of ||P(x — )|, /v/d/2, where z is drawn from D conditioned
on r(x) = 1.

We aim to apply Theorem 19 to the zero-mean distribution D}, 5 in the d /2 dimensional
space P, and find the appropriate bounds for v and A.x.

e Bounding v: By the thin-shell assumption, every = for which r(z) can be nonzero

satisfies ||Pz||, > +/d/2(1 — B2). Thus for any such z, we have ||P(z — p)|l, >
\Vd/2(1 — B2) — ||Pull, by triangle inequality. Now we just need to bound ||Py/|,:

1Pull, =P Ele | r(z) =1]

-  DWPRln) =1
=N ™ P @) =1
IEM[T(x)x]
)
HPEm[r(x)x]Hg
D) Sﬁs

2

= PE=

by the bounded- dl t tions. This gi > 1—fy— 2

y the bounded-mean and large support assumptions is gives us v > Bs PV

and thus 2 > 1—23; — Zﬁﬁ—ld/Q > 1—285 —2p, by the assumption that 53 > 1/4/d/2.
3

e Bounding \,..: We want a spectral bound on E’”NDZ P[:m:T]. We have:

v B, (@) (P — w)(Ple — )]
o, 1 B, (@)

< 6—73 E [(za” 4+ pp" —ap” — pa)] PT
3 a~D

Since D has mean zero, P and E[zxT] has operator norm 1, and Puu?PT has operator
norm < [|Ppul|,, we have

Mo = || B [z27])]| < L+ | Ppll, < 1 +51/ﬁ3.
z~Dj p 63 63

op

Substituting these parameters into Theorem 19 gives us the claimed failure probability
bound. The condition that holds with high probability is that for all intervals .J, we have

Pr [zeJ]— Pr [zelJ]|<e
ZN(D;J,)v o~Dy
2~N(0,02)
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By the thin-shell assumption, the bound on [|Ppul|l,, and the triangle inequality, Dy is
supported on [1 — 81/P5 — B2, 1 4+ f1/P3 + Pa]. Then by the TV distance bound for Gaussians,
we have for any o in the support of D)

9
A 0.0 N(0.0%) < 21T < 0(6,/8, + ),

so we have

P J - P J| <0 .
z~<D:;r,p>u[Z€ 1= Sl el = Oler /bt 52)

We now substitute the definition of (D], p), and use the fact that v is in P.

Pr [ze€J]= Pr [(P(x—p),v) € J]

ZN(DZP)” x~D7

So we have
Pr [z+ {(uv) € J]|— Pr [z2€J]| <O0(e+ p1/B5+ B).

z~Dj z~N(0,1)
By applying the uniform convergence property of Theorem 19 for all intervals to shift J, we
have

251;5[2 e J]— zNAI:;(rO,l)[Z — vy € J

—

< O(e + B1/Bs + Ba).

By anticoncentration of the Gaussian distribution and the fact that |(u,v)| < 1/83, we have

P - J] = Pr.., J]+ 2 .
ZNN%B,U[Z {1, v) € J] rno)][2 € J] £ 261/8s

Combining everything, we have

PrzeJ - Pr [z€ J]‘ < O(e+ p1/Bs+ )

oD 2~ (0,1)

with probability at least

(L4 81/Bs)In(1/e) e [ e'B3(1 — 28, — 261)d
T SB(1—28—28) ¥ ( . ( In(1/e)(1+ 81/ Bs) ))

as desired. O

We now argue that for r indicating a set of large Gaussian volume and P being orthogonal
to a good approximation to the mean of r, the assumptions of Claim 7 are satisfied with
small values of .

The following facts are relevant to this proof.
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Fact 17 (Thin-shell concentration of log-concave variables [73|). Let X be an isotropic
random vector with log-concave density in RY. Then there are universal constants c,C > 0
such that for allt > 0,

Pr [ 1 X1, — \/E) > t] < Cexp(—cd? min((t/Vd)?, t/Vd)).

Corollary 5. Let X be an isotropic random vector with log-concave density in R?. Then
there is a universal constant C such that for any € > 0,

el

X, - V| = C(d1og(1/)"] <=

Fact 18 (Thin-shell concentration of Gaussian variables (standard fact)). Let X be a standard
Gaussian in RE. Then

Pr H||X||2 - \/Zi\ > 1] < 2exp(—t/4).

Claim 8 (Log-concave distributions satisfy assumptions of Claim 7). Let D be an isotropic
log-concave distribution over R and K be a sufficiently large constant depending on those
given by Fact 17. Let r be a randomized Boolean function such that E,p[r(x)] > B, and let
a(r) be such that for all i € [d],

lr); = (B r(x)al)

xz~D

<1/d.

Let P be a d/2-dimensional linear subspace orthogonal to ji(r), and P be a d/2 x d matriz
whose rows are an orthonormal basis for P. Let ryue be the truncation of r defined as

Tteune () = 1r(x) A 1

[Pz, - 10Kd"3Ind
d/2 d/2
Then the following conditions hold:

e Bounded mean: |P E, p[ryumc(z)z]|l, < O(/1/d).

Pl _
/2

e Thin-shell support: Every x for which ryuc(z) can be nonzero satisfies

<

14+ 10Kd'/31Ind
dj2

e Large support: E, p[rywme(z)] > 5 — O(1/d).
Furthermore, Pryp[r(x) # rywme(x)] < O(1/d).
Proof. First we will prove the final inequality,

EN)%[T(QU) 7# Tirunc ()] < O(1/d).

Since the projection of D by P is a log-concave distribution over R%? (Fact 13), this
inequality follows from from Corollary 5 applied to P(D) with € = 1/d. We now prove the
other conditions.
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e Bounded mean: Let

i) = B [Fume(0)a] and () = E [r(e)a]

xrrv x~D
First we claim that for every 4, |((rtrunc)i — p(7)i] < 1/d. We have

1(r)i = p(reeanc)i + E[r(z)z; - 1[r(z) # roune(2)]]
< p(Teunc )i + Eff|z| - L[r(2) # reeunc(2)]

S :u(rtrunc)i + / t- CeXp(—Ct?’/d)dt
t=10Kd/3Ind

< M(Ttrunc)i + O/ t3 . eXp(—Ct3/d)dt

t=10Kd'/3Ind
< p(Torunc)i + C’/ u - exp(—cu/d)du

u=(10K Ind)3d
< 1(Teunc )i + exp(— (10K Ind)? - ¢) - (10K Ind)? - ¢+ 1) - (d/c)?
< p(Ttpunc)i + 1/d. (by setting K sufficiently large)

A symmetric argument lower bounds £(7); by p(rtrunc)i—1/d. Now we bound || P g(7trunc ) |-
We have || Pri(reune)lly < SUPyuepjujj,=1{t: #(Ttrunc)). Consider a unit vector u € P. We
have

(U, p(Perunc)) = (U, p(reeanc) — p(r)) + (s, plr) — flr)) + (u, o(r))
W Y
1€[d] i€[d]
< 2/Vd.

i
d

i
d

e Thin-shell support: This follows immediately from the definition of r¢unc.

e Large support: This follows immediately from the assumption that E, 0,1, [r(z)] >
$ and the fact that Pryn0,1,)[7(2) # Ttrunc(2)] < O(1/d).

O

Claim 9 (Accuracy of the mean estimates). Let S be a set of 10d® points drawn from a
distribution D with covariance 14. Let F be a collection of eight (possibly randomized) Boolean
functions over RY. Then with probability at least 1 —O(d=3), the following holds for all f € F
and i € [d]:

= nf @)~ B rnf(e)| < 1/d

zeT
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Proof. By the fact that D has covariance I, we have Var(z;) = 1 and Var(‘Tl| dox) =1/|T],
so by Chebyshev’s inequality

10d?
Pri| E [ f(x vif (@ <0.01d",
T ||z~D T ; |T|
Set |T| == 10d?; then the deviation becomes 1% = 1. Union bounding over F and i € [d],

we have with probability at least 1 — O(d~2), all f and all 4 satisfy

%szf(x) — xINprif(“T) < 1/d.

zeT

]

Claim 10 (Accurate partitioning of (randomized) sets). Let D be a distribution over
R? x {—1,1} such that the R%-marginal is isotropic log-concave. Let ¢ > d~Y7. Let F
be the set of eight (possibly randomized) Boolean functions over R given by RobustIndicator;
and ErrorIndicator;(z) = 1|y # h;(z)] fori € [4]. Let wy,...,wy be the weights returned by
COMPUTEROUNDINGTHRESHOLDS and Jy,...,Jy be the intervals generated by COMPUTE-
CLASSIFIER. Then with probability at least 1 — O(9), the following holds for all f € F and
all i € [4]:
Prl(eu) € JiAf() = 1) = Pr{f(e) = 1w, £ O(c).

Proof. First we will claim that each iteration succeeds with probability 1 — 1/ poly(n).
Consider only the functions f € F such that Pr[f(x) = 1] > ¢; for the others, the statement
holds trivially. COMPUTECLASSIFIER estimates the means p;, f15;4 € [4] of the functions from
its sample of size 10d3, then sets P to be a linear subspace orthogonal to all of these. By
Claim 9 we have that with probability 1 — O(d™3) the mean-accuracy assumption of Claim 8
is satisfied. Thus, by Claim 8, the assumptions of Claim 7 are satisfied with the following
parameters:

o /1 =0(y/1/d)
o By = O(d~Y51nd)
o By=c—O(1/d).

COMPUTECLASSIFIER then generates a uniform random unit vector v € P and four intervals
Jy...Jy of Gaussian volume wy,...,ws. By Claim 7, with high probability over u, the
following holds for each J;:

x~D|F;ffm):1[<$’ u)y € Ji| =w; £ O0(B1/Ps + o +¢) = w; £ 0(e);
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taking the conjunction with the event that f(z) =1 gives us the desired

IPN’IDKx,u) e inf(x)=1]= Pr[f(x)=1] - (w; £0(¢)) < Pr[f(z) = 1] - w; £ O(e).

z~D xz~D

The failure probability is

(1+p1/Bs)In(1/e) ox e'B3(1 — 2By — 21)d
01— 26— 281) ( ¢ ( In(1/¢)(1 + f1/0s) ))

o (2 (o)

111(;4/5) . exp (—Q (111(16/1?)))

1/e° - exp (—Q(e%))

By our assumption that € > Q(d~'/7), this term is dominated by exp(—Q(d"/7)). The total
failure probability is dominated by the O(d~2) probability of failure for the mean estimation.
Thus, we have that with probability > 1 — 1/ poly(d), no bad tail events occur, and the
guarantee holds for all f € F and i € [4].

The following boosting argument is relevant only when § is smaller than this ~ d—2 failure
probability. In each iteration we test the accuracy of the partition by comparing

Pr[{x,u) € ;A f(z) =1] to Pr[f(z)=1] w;

for each function f. It suffices for these estimates to be accurate up to £ additive error. By
a Chernoff bound, for a test set of size Q(log(1/d)/e?), all estimates are e-accurate with
probability at least 1 — §2, so that after union bounding over all iterations the estimates
are still accurate with probability at least 1 — §. Since d > 2, the probability that a good
partition is not found in any of the log(1/d) independent attempts is at most 271°8(1/%) = §.
Thus, the total failure probability is at most 20. n

3.4.4 Correctness and Complexity of Algorithm 5

Now we will finish the analysis of COMPUTECLASSIFIER, restated here for convenience.

Theorem 12 (Correctness of Algorithm 5, COMPUTECLASSIFIER). Let ¢ > d~ /7 and
0,7 > 0. Let ngS be an e-accurate local noise sensitivity approximator for degree-k PTF's over
R?. Let D be a distribution over R? x {—1,1} such that the R?*-marginal is isotropic and
log-concave. Let p : R* — R be a polynomial of degree at most k satisfying

JE L E i, mr(x)]] < 100r + O(c), (3.30)
P | B a0 (@) 2 07] £ 06) (331)
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Then the algorithm CoOMPUTECLASSIFIER(D, p,1,£,6), given sample access to D and
query access to ¢, outputs a hypothesis h : R? — {—1,1} such that the following properties
hold with probability at least 1 — O(0):

errp(h) < I_E) lerrp(sign(p — t))] + O(e)

tr[—1,1]
Boundaryp ,.(h) < O(r +¢).
The running time and number of queries to ¢ are poly(d~ - 1/e - log(1/6)).

Proof of Theorem 12. By Theorem 16 and the triangle inequality, we have that all i € [4]
satisfy

() Priayyenlin(z) # ] < errol(sign(p — t5)) + Rop,10r sign(p — t),0.9)
(ii) E,p|[RobustIndicator;(z)] > 1 — O(lﬁ\Spvmr(sign(p —t;))

(iii) For every x such that RobustIndicator;(z) = 1 and 2’ : ||z — 2/|| < r, we have h;(2') =

First we will handle the error condition. By Theorem 17, we have that with probability

Z w; - (errp(sign(p — t;) + i/S(\)D’mT(sign(p —t;),0.8))
1€[4]
< E Jerrp(sign(p —t))] + O(e).

t~[—1,1]

Thus, we have

Sowi Prolhla) £ < B [erro(sign(p - )] + O(e).

1€[4] (@ y)ND i~
By Claim 10, we then have with probability > 1 — O(9),

> WD [hi(z) # y A (z,u*) € J;] <

E [errp(sign(p — t))] + O(e).
i€[4] ’

t~[—1,1]

Therefore, applying the definition of A, we have
errp(h) < Eyoyjferrp(sign(p — t))] + O(e).

Now we analyze the robustness condition. By Theorem 17, we have that with probability

Z w; - NSp 10, (sign(p — t;)) < O(r +¢).

1€[4]
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By a Markov bound and the definitions of RobustIndicator and N\S, we have the following
for each i:

E[RobustIndicator; ()] = Pr[sgn(p—s,) (2) < 0.1] = 1 — Pr[ggn(p_s,) (z) > 0.9]
— 1 - Pr[d(x) > 0.9/NS(sign(p — t:)) - Eld()
> 1 — ONS(sign(p — t,).
Thus we have

Z w; - RobustIndlcatorz( )] > Z w; - (1 — %0 Ep[ésign(p_ti),lm(x)])

1€[4] i€[4]
>1-— Z wj - % ED[Qgsign(pfti),loT(:E)]
1€[4]
>1—-0(r+e).

By Claim 10 we then have with probability > 1 — 6,

]ED [RobustIndicator;(x) - 1[(z,u*) € J;]] > 1 — O(r + ¢).
A
We now claim that for each J;, all x with RobustIndicator;(x) = 1 such that (z,u*) is at
least r away from the interval boundary satisfy the adversarial robustness condition

Vo' ||z — 2’|, <rand h(x) = h(a').

Since x is r away from the interval boundary, all 2’ such that ||z — 2'||, < r satisty (', u*) € J;,
so they are also labeled by h;. By Theorem 16, all x with RobustIndicator;(x) = 1 satisfy
the robustness condition in h;, so, since they are also r away from the boundary, they satisfy
the robustness condition in h. Thus we have

Boundaryy, ,.(h) > Z ( ]ED [RobustIndicator;(z) - 1[{z, u*) € Jz]])
e

- Pll”) [(z,u*) within r of an interval boundary]
21-0(r+e)-0(),

where the boundary probability is bounded by O(r) due to Fact 14. Thus when all subroutines
are successful, the guarantees of the theorem hold. The total success probability is > 1 — O(9)
after union bounding the failure probabilities of all subroutines. This concludes the proof of
correctness.

We now analyze the running time and query complexity to qg COMPUTEROUND-
INGTHRESHOLDS is called once. For log(1/0) iterations, it estimates erry, NS;, iso; for each
of 100/¢2 rounding thresholds ¢; this step makes O(log(1/8)/e?) queries to ¢ and takes
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poly(d* - 1/ -log(1/4)) additional time, due to the evaluations of the degree-k polynomial p.
Then it solves a linear program of constant size for (100/¢2?)* iterations. The total running
time and query complexity of COMPUTEROUNDINGTHRESHOLDS are dominated by the first
term, which is poly(d® - 1/ - log(1/6)).

The rest of COMPUTECLASSIFIER repeats log(1/6) times and does the following each
repetition:

a) evaluate 1[h;(x) # y] and RobustIndicator;(z) for each i € [4] and (z,y) in M,

b) obtain a basis orthogonal to the estimated mean vectors, a random unit vector in this
space, and a partition of the real line into intervals

c) check accuracy of the partition with respect to Siest-

Each evaluation of 1[h;(x) # y] makes one query to ngS and takes d°®) time, as it simply
calls ROBUSTNESSLCA, which makes one evaluation of a degree-k PTF and one call to gg
Each evaluation of RobustIndicator;(z) makes one query to ¢ and takes O(1) additional time.
Thus items (a) and (c) take d°*) time and queries. For item (b), obtaining the basis takes
poly(d) time by Gaussian elimination, and approximating the interval boundaries can be
done in poly(1/¢) time by using a numerical e-approximation to the error function®

1 t
erf(t) = ﬁA €7t2/2.

Overall, the total time and query complexity of COMPUTECLASSIFIER is poly(d*-1/e-1og(1/4)),
as desired. O

3.5 Verifiable Robustness

In this section we prove that under complexity assumptions, the robustness guarantee of
our learning algorithm can be made efficiently verifiable in the sense formalized below. The
verifier certifies that a point satisfies the robustness condition. We formally state this result:

Corollary 6 (Deterministic verifiability). If P = BPP, then there is a learning algorithm B
that, given access to labeled samples from a subgaussian isotropic log-concave distribution,
runs in time d°/) . log(1/9) and produces a hypothesis h with the following guarantees:

e Agnostic approrimation: With probability at least 1 — O(5), Prp[h(x) # y] <
opt + O(g), where opt is the misclassification error of the best halfspace.

8Such numerical approximations are standard and take poly(1/¢) time. Alternatively, one could use a
randomized algorithm that takes poly(1/e) samples from the gaussian and uses them to approximate the
relevant values w;. Note that we presented the w;’s as exact for conciseness, but since Claim 10 already
guarantees only an O(e)-accurate partition, we see that an additional & error in the estimation of the w;’s is
asymptotically irrelevant.
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1/€2

e Verifiable robustness: There is a verifier that runs in time dO0/=) that takes as mput

a circuit g and a point x € R? that always rejects if
3z ||z]l, <7 and g(z) # g(z + 2).

If g = h, then with probability at least 1 — O(9) over the randomness of B, the verifier
accepts with probability at least 1 — O(r + ¢) over x ~ D.

We use the following fact:

Fact 19 (Derandomized estimation of (;3) If P = BPP, then there exists a deterministic
algorithm running in time d°®) - poly(1/¢) that takes as input a degree-k PTF f, a radius r,
and an input x € R? and outputs an estimate ¢ 10.(x) such that ¢s10-(x) = ¢r10-(x) L €.

Proof. Observe that there is a randomized algorithm running in d°®*) /e? time that takes as
input a threshold ¢ and decides if ¢;(z) > ¢, succeeding with probability > 2/3 whenever
¢p(x) >t+eor ¢s(x) <t—e. This is the algorithm that samples O(1/¢?) points z from
N(0, I;) and evaluates f(z + 10rz) on each of them to estimate ¢; its analysis is a Chernoff
bound. If P = BPP, then there exists a deterministic algorithm for this decision problem also
running in time d°®) . poly(1/¢). Since ¢;(x) € [0, 1], we can binary search with log(1/¢)
iterations to find a ¢ such that ¢(x) € t £e. O

The learning algorithm is simply ROBUSTLEARN, augmented to provide some extra
information, with the estimates of ngS provided by the deterministic estimator. The verifier
checks that the hypothesis matches a “template;” this will prove that the unknown circuit is
in fact of the form that ROBUSTLEARN is supposed to return, and for which our correctness
analysis holds. Since for any hypothesis matching the template, any point = for which
¢(z) < 0.1 satisfies the robustness condition, the verifier will then deterministically estimate
o(x).

We define the template below:

Lemma 3.5.1 (Hypothesis template). Fiz a set B of basis functions for the set of degree-k
polymomials over RY. There is an algorithm COMPILE that takes as input a | B|-length vector
¥ of real-valued coefficients, real numbers ti, ..., ts, a unit vector u € R?, and real numbers

c1 < ¢y < c3. For each i € [4], let the PTF h; be defined

hi(x) = sign ((Z Up - b(x)) - ti> :

Let the intervals Jy, ..., Jy be the partition of the real line induced by c1, ca, c3. The algorithm
outputs a circuit computing the hypothesis

h(z) =  ROBUSTNESSLCA(x, h;,r) - 1[(z,u) € Jj).

1€4

It also outputs each of the PTFs hy, ..., hy. The running time is d°®).
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Proof. Observe that there is a deterministic algorithm running in d°® time that takes as
input all of the given parameters and the input x, and evaluates h(x), using the deterministic
implementation of ¢ in ROBUSTNESSLCA. Therefore there is a circuit of size d°® with
the same behavior. The algorithm COMPILE takes this circuit and hardcodes all the input
parameters except for z, then outputs the resulting circuit. This takes time d°®) and the
output is a circuit that takes x as input and evaluates h(z). By the same argument, in d°®*)
time COMPILE can also output the PTFs hq,..., hy4. O

We include pseudocode of the verifier below. For brevity we will refer to the package of
data taken as input by COMPILE as data.

Algorithm 6 VERIFY(g,z,,¢,data):
1: Input: circuit g, point x € R", robustness radius r, error tolerance ¢, hypothesis
parameters data
2: h,hy, h, hs, hy < COMPILE(data)
3: if g # h then return reject.

e

Let u be the unit vector in data and Ji, ..., J; be the partition induced by the interval
boundaries ¢y, cs, c3 in data.

Let i be the interval such that (z,u) € J;.

if gzghi,loT(x) > 0.1 — € then return reject.

if |(x,u) — ¢;| < r for any of the interval boundaries ¢y, ¢o, ¢3 in data then return reject.

return accept.

Proof of Corollary 6. The learning algorithm B is ROBUSTLEARN, but with the following
modification: it records its parameters in a data package, outputs COMPILE(data) as its final
hypothesis, and outputs data as well. By the guarantees of ROBUSTLEARN, with probability
at least 1 — O(0), h satisfies the agnostic approximation guarantee. When VERIFY is called
on the output h of B, since it is the output of COMPILE, it always passes the first check. By
inspecting the proof of Theorem 16, we see that in fact robustness holds for all x such that
éhi () < 0.1 —¢ and z is at least r distance from each of the interval boundaries. By Fact 19,
we have |¢n, (2) — ¢p, (x)| < e, thus the verifier rejects all points such that ¢y, (z) > 0.1.
Since it also rejects if x is within r of a boundary, all accepted points satisfy the robustness
condition. Furthermore, by inspecting the proofs of Theorem 12 and Theorem 16, we see that
whenever ROBUSTLEARN succeeds (probability 1 — O(9)), we have that at least 1 — O(r +¢)
fraction of points x ~ D satisfy éhi (x) < 0.1 — ¢ and are at least r away from any boundary,
and are thus verifiably robust. Thus, the verifiable robustness guarantee holds.

The running time of COMPILE for PTFs of degree O(1/¢2) is d°"/*) (Lemma 3.5.1). The
running time of VERIFY is this plus the running time of the deterministic estimator for (;AS,
which is also d°/¢*) (Fact 19). Thus the total running time is d°(/). O

Remark 20. We note that without the assumption that P = BPP, there is a randomized
analogue of Corollary 6 where the user compiles the final hypothesis, rather than verifying
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the one provided by ROBUSTLEARN. Rather than outputting a circuit A, ROBUSTLEARN
can just output data, and the user can COMPILE it with a randomized implementation of

ROBUSTNESSLCA in time d°(/¢*) - 1og(1/4), in which case the soundness of the verifier holds
with probability 1 — ¢ for the compiled hypothesis.
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Chapter 4

Agnostically Learning Monotone
Functions
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In this chapter, we present our algorithm for agnostically learning monotone functions, as
well as the local monotonicity corrector that it is built on.

4.1 Chapter-Specific Preliminaries

Definition 17 (¢, distance for functions on a poset). For a pair of functions fi, fo: P —
{0,1}, the distance ||fi — f2| is the fraction of elements x in P on which fi(x) # fo(z).

Definition 18 (Graph distance and height). We will write dist(z,y) to denote the length
of the longest directed path' between x and y in the Hasse diagram of P. The height of a
poset P is the length of the longest directed path between any two elements in P.

4.2 Poset-Sorting and Monotonicity Correction for Boolean
Labels

We first present the formal statement for our LCA for the poset sorting problem, from which
every other result in this section is derived. The algorithm and analysis are presented in
Section 4.3.

Theorem 21. Let P be a poset of N elements and height h, such that each element in P
has at most A predecessors or successors. Suppose we are given query access to the graph
of P, i.e. for any x € P we can obtain the immediate predecessors or successors of x. Also,
suppose we are given query access to some Boolean function f over P. Then, there is an
LCA that solves the poset-sorting problem for f over P: in other words, it provides query
access to a monotone function fron : P — {0,1} that can be obtained from f by a sequence
of swaps of monotonicity-violating label pairs. The LCA has query complexity and run-time
of (Alog (%))O(logh), and it uses a random bit-string of length poly(Alog %) The failure
probability of the LCA is at most §.

Remark 22. In the setting of Theorem 21, suppose each element of P has at most I’
immediate predecessors or successors, and furthermore, that P is graded (all paths between
w and v for any u,v have the same length). Then query complexity and the run-time of our
LCA is also bounded by I'°")(log(N/§))°e". The number of random bits used is at most
OM polylog(N/§). In particular, when P is the truncated hypercube H? and § = 271%¢, the

1
query and time complexity are do< v dlogE).
The proof of Remark 22 is given in Section 4.3.4.

Proposition 1 (Local correction). In the setting of the previous problem, the distance between
f and fpnon is at most twice the distance of f to monotonicity. Furthermore, the following
extra property holds: for any monotone q : P — {0, 1} we have || fmon — ¢l < ||.f — 4qll-

f 2 and y are incomparable, then dist(z,y) is undefined.
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Proof. We first show the extra property. Recall that f,,, can be obtained from f via a
sequence of swaps of monotonicity-violating labels. Since ¢ is monotone, as a result of every
single of this swaps the distance to ¢ will either decrease or stay the same. Overall across all
the swaps, this means that || fion — ¢l < ||f — q|l-

Taking ¢ to be the closest monotone function to f and using the triangle inequality, we see
that the distance between f and fon i at most twice the distance of f to monotonicity. [J

The corollary about tolerant testing of monotone functions follows from our theorem
above. We note that the success probability of 2/3 can be improved via repetition to 1 — ¢ at
the cost of log (%) multiplicative factor in run-time and query complexity. We also note that
the inverse tolerance ratio, given as 0.49, can be improved to any absolute constant less than
0.5.

Corollary 7 (Tolerant testing for general posets). Suppose we are in the setting of Theorem
21, and we also have access to an oracle giving us i.i.d. uniform elements in P. Then, there
15 an algorithm that uses

AO(oghloglog A) (1n0 (7)) 08 h) % queries and run-time, and distinguishes whether the function
f is 0.49¢-close or e-far from monotone. The failure probability is at most 2/3.

Proof. First of all, without loss of generality we can assume § = 2/3, because error probability
can be reduced via repetition.

Theorem 21 (via Remark 1) allows us to gain query access to fmon, such that distance of
f to fuon is at most twice the distance of f to monotonicity. Then, obtaining the values of
both these functions on i.i.d. uniformly random points of P, we estimate ||f — fuon| up to
error 0.005e. Then, if the distance of f to monotonicity is at least ¢, the distance ||f — fumonl|
will be also at least €, so the value of the estimate will be at least 0.995¢. On the other hand,
if the distance of f to monotonicity is at most 0.49¢, then || f — fmon| Will at most 0.98¢ and
the value of the estimate will be at most 0.985¢. Overall, checking if the value of the estimate
is greater than 0.99¢ we can see which of the two cases we are in.

For the estimation to succeed, we need to evaluate f and f,o, on O (6%) i.i.d. random

clements of P2. Overall, this will take AC(eshloglozA) (Joq (N))OUosh) % queries and run-
time. O

4.3 The LCA for Poset Sorting

In this section, we prove Theorem 21. First, we give a “global” algorithm for the poset
sorting problem, which reads all the values of f and writes all the values of f,,.,. The global
algorithm is inefficient, but lends itself easily to a proof of correctness. We prove correctness
for the global algorithm, then give our local implementation and show that it simulates the
global algorithm.

2For the LCA of fion We can set the overall success probability parameter to be 0.1. A Chernoff bound
and union bound argument then shows that overall success probability is at least 2/3.
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4.3.1 A Global View

We first present Algorithm 7, which sorts the labels of f in stages by swapping the labels
of pairs of vertices that violate monotonicity. We will show that each stage reduces the
maximum distance between violated vertices by a factor of 2, which produces a monotone
function after log h stages, where h is the height of the input graph.

Before we present the algorithm, we define the following objects that it constructs during
its execution.

Definition 19 (Violation set). We define the set of violated pairs violp(f) as follows:

violp(f) :=
{(vyw) e Px P: v>=w, f(v)=0and f(w)=1}.

Definition 20 (k-violation graph). For a poset P of height h, a function f : P — {0,1},
and some k € [h], we define the k-violation graph By, as follows:

e V(By) =P, and
e For (v,w) € violp(f), (v,w) € E(By) iff dist(v,w) > k.

Note that By, is bipartite and undirected.

Algorithm 7 LCA for sorting labels in a poset: the global view
Given: Poset P of height h, function f,: P — {0,1}
Output: monotone function over P
Let 1 <0
for 0 <i < [logh]|+1do

Let k < [h/2"T]

Construct the k-violation graph By from P and f;.

Compute a maximal matching in By and let A map matched vertices to each other, and
unmatched vertices to themselves.

For all z € P, let fii1(x) = fi(A(x))

1 1+1
return f;

4.3.2 Correctness of Algorithm 7

Recall that we are required to show that our algorithm outputs a monotone function that can
be obtained from f by a sequence of monotonicity-violating label swaps. Since it is evident
from the pseudocode that this algorithm only performs such swaps, it remains to show only
that the output is monotone.

Our algorithm works by finding a maximal matching over the k-violation graph By, and
swapping the matched labels. We first claim that performing this swap reduces the distance
(length of the longest path) between violated labels by at least k.
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Lemma 4.3.1 (Distance shortening lemma). Let P be any poset. Let f be a {0, 1}-valued
function over P and k be a positive integer. Let By be as defined in Definition 20. Suppose
one picks some maximal matching M over By and obtains a new function f' as follows

f(2) = f(x) if x was not matched,
fly) if v was matched to some y.

Then, we have

max  dist(v,w) <
(v,w)eviolp(f7)

max (k: -1, ( max dist(v,w)) - k> .
(v,w)eviolp(f)

Proof. Let A : P — P map x to (i) y if = was mapped to some y by M (ii) z itself otherwise.
Note that f'(z) = f(A(z)) and also A is one-to-one.

Let x,y in P be such that z > y, f(z) = 0 and f(y) = 1. If dist(z,y) > k, it cannot
be the case that both A(z) = z and A(y) = y, because then M would not be a maximal
matching since we could also match z to y. Besides, note that if A(z) # = then A\(z) < x and
dist(z, A(x)) > k. Analogously, if A(y) # y then \(y) = y and dist(y, A(y)) > k. Additionally,
for any a,b,c € P if a = b > c then dist(a,c) > dist(a, b) + dist(b, ¢), as there exists a path
from a to c¢ that is the union of the longest paths from a to b and b to c¢. Taking these
observations together, we see that only following eight cases are possible:

1. dist(z,y) < k — 1.
(a) A(z) > A(y) and
dist(A(z), A(y)) < dist(z,y) < k — 1.
(b) It is not the case that A(x) = A(y).

2. dist(x,y) > k.

(a) M(x) = and dist(y, A\(y) > k
i. A(z) > A(y) and
dist(A(z), A(y)) < dist(z,y) — k.
ii. It is not the case that A(z) = A(y).
(b) Ay) =y and dist(z, A\(z)) > k
i. A(z) > A(y) and
dist(A\(x), A(y)) < dist(z,y) — k.
ii. It is not the case that A(z) >~ A(y).
(c) dist(z, A(z)) > k and dist(y, A\(y)) > k
i. AMz) > A(y) and
dist(A\(x), AM(y)) < dist(x,y) — 2k.
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ii. It is not the case that A(z) > A(y).

In the whole, if A(z) > A(y) then dist(A(z), AM(y)) < max(k — 1, dist(x,y) — k).

Now let’s consider what happens after the swap. Let vy, wy in P maximize dist(vg, wp)
subject to vy = wq, f'(vg) = 0 and f'(wg) = 1. Let z = A} (vp) and y = A~ (wyp). Since
f'(vg) = 0, we have z = vy and since f'(wy) = 1, we have y < wy. Therefore, x > y. Also,
f(z) = f'(vo) =0, f(y) = f'(wy) = 1 and A(z) > A(y). The conclusion of the previous
paragraph tells us that dist(vg, wo) = dist(A(z), A(y)) < max(k — 1, dist(z,y) — k). Overall,

max dist(v, w) = dist(vg, w
(v,w)eviolp(f) (v, w) (vo, wo)

< max(k — 1,dist(z,y) — k)

< max (k -1, < max dist(v, w)) — k) ,
(v,w)eviolp(f)

which finishes the proof. m

The following invariant, which will be useful for proving that the output is monotone, is a
consequence of Lemma 4.3.1.

Corollary 8 (Distance shortening invariant). The following holds for all f;, 0 <i < [logh]:

. h
(va)rélvaﬁp(f)dlst(v,w) < [21—‘
Proof. We proceed by induction on i. For ¢ = 0, the distance must be at most h, because h is
the height of P. Assume as an inductive hypothesis that the claim holds for some i < [logh].

By is a graph with the properties described in Definition 20: it has an edge joining each
pair of vertices in P that violates monotonicity and has distance at least k, for k = [h/271].
By the inductive hypothesis, all such distances are between [h/271] and [h/2%] inclusive.
Then by Lemma 4.3.1 we guarantee that

max dist(v, w)
(v,w)€eviolp(f)

< ([] -1, (5]~ [
<[]

This completes the induction. O

With Corollary 8 in hand, we continue with the proof of correctness.

Lemma 4.3.2 (Correctness). For any Boolean function fy, poset P, and any choice of
mazimal matchings over By, in Algorithm 7, the output fiiogn4+1 is monotone over P.
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Proof. By Corollary 8, we have

: h
max dist(v, w) < [—-‘ =1
(v,w)eviolp(friog h1)
Then frio5 ] has the property that all pairs that violate monotonicity are immediate neighbors
in P. By one more application of Lemma 4.3.1, we have

max dist(v, w)
('U,’UJ)GViOlP (f[log h] +1)

h
gmax<1—1,1— ’VW-‘> :0,

indicating that ffiogx741 is monotone. O]

4.3.3 Local Implementation

In this section, we provide an LCA that gives membership query access to the output of Algo-
rithm 7, and we analyze its complexity. To better explain how our LCA simulates Algorithm 7,
we present it as a system of three LCAs, each parameterized by the iteration number 7.
Algorithm 8 makes queries to the iy function f; and an all-neighbors oracle for P, and
answers queries to the iy, k-violation graph B;. Algorithm 9 makes queries to B; and answers
queries to a maximal matching A; over it. Algorithm 10 makes queries to f; and A; and
answers queries to f; 1, which swaps the matched labels.

Algorithm 8 An LCA for undirected all-neighbors queries B;(z, P, f;, h, 1)

Given: Target vertex z, all-neighbors (immediate predecessor and successor) oracle for P,
membership query oracle f;, height h, iteration number .
Initialize k < [h/211]
if f;(z) =1 then
S < the set of all successors of x
else
S + the set of all predecessors of x

Compute longest path dist(x,y) for each y € S by dynamic programming
Remove any y from S such that dist(z,y) < k or f(y) = f(z)
return S

Algorithm 9 An LCA for maximal matchings \;(z, B;,r,6)
Given: Target vertex x, undirected all-neighbors query oracle B;, random seed r, and
confidence parameter ¢.
Call the algorithm described in Corollary 3 with B; as the graph, x as the target, and r as
the random seed and A as the degree bound. If = is in the matching, return the vertex
that it is matched to; otherwise return .
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Algorithm 10 An LCA for membership queries f;1(z, \;, fi)

Given: Target vertex x, matching query oracle )\;, membership query oracle f;
return f;(\;(x))

Analysis of our implementation

Throughout this section, for any algorithm A, the notation 7(A) denotes the running time of
A.

Claim 11 (Behavior of B;). For any 0 < i < [logh| + 1, B; provides all-neighbors query
access to the [h/2Y]-violation graph of P with respect to f;. Furthermore, if each element
of P has at most A successors or predecessors, then T'(B;) < O(A-T(f;)).

Proof. If f;(x) = 1, then all neighbors of  in the [h/2""!]-violation graph of P are successors
of z. Finding all the successors takes O(A) time by depth-first search. Computing dist(x, )
for each successor y of x takes O(A) time by standard dynamic programming techniques
for finding longest paths in a DAG. Comparing f;(z) to f;(y) takes O(A) queries to f;, and
therefore O(A - T'(f;)) time. The case of f;(z) = 0 is symmetric. O

Claim 12 (Behavior of \;). For any 0 <i < [logh] + 1, and § € (0,1], \; provides query
access to a maximal matching over B; with probability 1 — ¢/([logh] + 1), using a random
seed of length poly(Alog(N/))). Furthermore, T()\;) < poly(Alog(N/d)) - T(B;).

Proof. Let ¢ =§/([logh] + 1). By Corollary 3, \; fails with probability at most ¢’, where
the query complexity and the length of the random seed are each poly(Alog(N/¢')). Since h
is always at most A, this is still poly(Alog(/N/d)). The claim follows from the fact that since
the queries are made to B;, each query takes time T'(B;). O

We now proceed with our proof of Theorem 21, which we restate here for convenience.

Theorem 21. Let P be a poset of N elements and height h, such that each element in P
has at most A predecessors or successors. Suppose we are given query access to the graph
of P, i.e. for any x € P we can obtain the immediate predecessors or successors of x. Also,
suppose we are giwen query access to some Boolean function f over P. Then, there is an
LCA that solves the poset-sorting problem for f over P: in other words, it provides query
access to a monotone function fron : P — {0,1} that can be obtained from f by a sequence
of swaps of monotonicity-violating label pairs. The LCA has query complexity and run-time
of (Alog (%))O(logh), and it uses a random bit-string of length poly(Alog %) The failure
probability of the LCA is at most §.

Proof. Assume that for each i < [logh] + 1, the matching provided by \; is maximal for
B;. Under this condition, f;, A\;, and B; implement LCAs for all the objects expected by
Algorithm 7 (by Claim 11 and Claim 12). The correctness result of Lemma 4.3.2 implies that
our implementation of ffoen141 is an LCA for a function with the properties claimed in this
theorem. We will bound the running time and query complexity by a recurrence relation.
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As a base case, we will let T'(fy) be 1. We have three recurrences: T(B;) < O(A - T(f)),
T(N\;) < poly(Alog(N/6§)) - T(B;), and T(fi+1) < O(T(fi;) + T (\;)). To simplify:

T(fi+1) < O(T'(fi) + T(N))
< T(f;) + poly(Alog(N/0)) - T(B;)
< T'(fi) + poly(Alog(N/d)) - AT(f;)
< poly(Alog(N/d)) - T(f;)

This recurrence resolves to
T(f;) = (Alog(N/§))°?

for both running time and query complexity. Letting i = [log h| + 1, we have a total running
time and query complexity of (A log(N/4§))O0esh).

We initialize our algorithm with a random bit string of length poly(A log(N/4)) as required
by Claim 12. Each call to \; fails with probability §/([logh| + 1); this gives a total failure
probability of 6. Therefore, with probability at least 1 — ¢ all the matchings are maximal
and our analysis holds. O

Remark 23. We remark that the LCA implementation of Algorithm 7 can be modified
to give query access to a label permutation 7 such that fr is monotone and Pr,.p[f(x) #
(fm)(x)] < 2a. Since the algorithm works by performing a sequence of label-swaps on pairs
that violate monotonicity in the poset, then outputting the function value that ends up at
the queried vertex x, it can instead track the swaps and output the identity of the vertex
that x receives its final label from. The modified algorithm can be thought of as an LCA
that gives query access to a label permutation.

4.3.4 Refined Local Implementation

Here we explain how an improved run-time can be achieved for posets with additional
characteristics. We shall assume that each element of the poset P has at most I' immediate
predecessors and at most I' immediate successors. Additionally, we assume that the poset P
is graded. This is achieved again by implementing the algorithm in Section 4.3.1, but the
run-time is somewhat faster than the one achieved in in Section 4.3.3. To be fully specific,
Section 4.3.1 would give us a run-time of TO"*°¢") (log(N/§))!°8" in this setting, which is here
improved to T (log(N/6))le".

Similarly to Section 4.3.3, we provide an LCA that gives membership query access to
the output of Algorithm 7, and we analyze its complexity. This is again presented it as a
system of three LCAs, each parameterized by the iteration number 7. Algorithm 11 makes
queries to the iy, function f; and an all-neighbors oracle for P, and answers queries to the iz,
k-violation graph B;. Algorithm 12 makes queries to B; and answers queries to a maximal
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matching \; over it. Algorithm 13 makes queries to f; and \; and answers queries to fi.1,
which swaps the matched labels.

Algorithm 11 An LCA for undirected all-neighbors queries B;(z, P, f;, h, 1)
Given: Target vertex x, immediate predecessor and successor oracle for P, membership
query oracle f;, height h, iteration number 4.
Initialize k < [h/2"1]
if f;(x) =1 then
S < the set of all successors y of = such that k& < dist(x,y) < 2k.
else
S < the set of all successors y of x such that k < dist(x,y) < 2k.
Note: because the poset is graded, the collections of successors and predecessors above can
be found via breath-first search.
Remove any y from S such that f(y) = f(x)
return S

Algorithm 12 An LCA for maximal matchings \;(z, B;,r, )
Given: Target vertex x, undirected all-neighbors query oracle B;, random seed r, and
confidence parameter ¢.
Call the algorithm described in Corollary 3 with B; as the graph, x as the target, and r
as the random seed and I'M"/?'1 as the degree bound. If x is in the matching, return the
vertex that it is matched to; otherwise return x.

Algorithm 13 An LCA for membership queries f;1(z, \;, fi)

Given: Target vertex x, matching query oracle )\;, membership query oracle f;
return f;(\;(x))

Analysis of our implementation

Throughout this section, for any algorithm A, the notation 7'(A) denotes the running time of
A. This is the same convention used in Section 4.3.3. Furthermore, the following two claims
are analogous to Claim 11 and Claim 12 respectively.

Claim 13 (Behavior of B;). For any 0 <1i < [logh] + 1, suppose

max  dist(v,w) < [h/2"].

(v,w)eviolp(fi)

Then, B; provides all-neighbors query access to the [h/2" ] -violation graph of P with respect
to fi. Furthermore, the degrees of all vertices in B; are bounded by L2 and T(B;) <
O ™1 T(f;)).
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Proof. If f;(x) = 1, then all neighbors of  in the [h/2""!]-violation graph of P are successors
of z. As, [h/2"] < 2[h/2"T'] = 2k, we see that initializing S to have only elements of
distance at most 2k does not leave out any neighbors of z in the [h/2""!]-violation graph
of P. Comparing with the definition of the [h/2"1]-violation graph of P, we see that the
elements given by Algorithm 11 are precisely the neighbors of z in the [h/2""!]-violation
graph of P. _

Finally, the bound of I''*/?'l on the degree of B; follows, because each element in P has
at most I' immediate predecessors or successors. The bound on the run-time follows from the
bound on degree of B;. O

Claim 14 (Behavior of \;). For any 0 < i < [logh] 4+ 1, and § € (0,1], if degrees of all
vertices in B; are bounded by T2l then \; provides query access to a mazimal matching over
B; with probability 1 — & /([log k] + 1), using a random seed of length poly(I'"/?'11og(N/4)).
Furthermore, the run-time T();) is bounded by poly(T'"?'1og(N/§)) - T'(B;).

Proof. Let ' = 0/([logh] + 1). By Corollary 3, A; fails with probability at most ¢’, where
the query complexity and the length of the random seed are each poly(I'*/?1og(N/§")). The

claim follows from the fact that since the queries are made to B;, each query takes time
T(B;). O

We now proceed with our proof of Remark 22, that is to proving an overall run-time
bound of I'°"™ (log(N/§))'oe".

Proof. We first argue, using an induction over ¢, that f;, A\;, and B; implement LCAs for all
the objects expected by Algorithm 7 (with overall probability of at least 1 — §) . The base
case ¢ = 0 is immediate. Suppose, this holds up to iteration ¢ (i.e. condition on this event).
Then, by Corollary 8 we have

max  dist(v, w) < [h/2],
(v,w)€eviolp(f;) ( >_ [ / -I
so the premise of Claim 13 holds. Now, one of the conclusions of Claim 13 is that degrees of
all vertices in B; are bounded by I'"*/?'l| which is the premise of Claim 14. Together, the
conclusions of Claim 13 and Claim 14, imply that, with probability 1 — ¢/([logh] + 1), B;,
A; and f;11 implement the corresponding quantities expected by Algorithm 7. Via a union
bound over all 7 we see that with overall probability of at least 1 — ¢ this indeed holds for all
1.
We will bound the running time and query complexity by a recurrence relation. As a
base case, we will let T(fy) be 1. We have three recurrences: T(B;) < O(T™"21.T(f,)),
T(X\;) < poly(T ™"V og(N/6)) - T(B;), and T(fir1) < O(T(f;) + T(N;)). To simplify:
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T(fis1) S O(T(fi) +T(N))

< T(f;) + poly(L™"/*Vog(N/5)) - T(B;)

< T(f;) + poly(T™"? Vog(N/68)) - T2V (f;)

< poly(I'™* T 1og(N/8)) - T(f;)

Thus, we obtain

[logh] _

T(fi) = ]] poly(r™* log(N/s))
1=0

= T°"(log(N/6))="

for both running time and query complexity.
We note that our algorithm is initialized with a random bit string of length I'°") polylog(N/5),
which is as required. O

4.4 Correcting Real-Valued Functions Over Posets in £,
Distance

In this section, we prove Theorem 5 by analyzing our algorithm for correcting a real-valued
function over a poset in a way that preserves the ¢; distance to monotonicity within a factor
of 2. This extends the monotonicity corrector of [84] to handle functions with non-Boolean
ranges.

Lemma 4.4.1 (¢; correction of k-valued functions). Let P be a poset and f : P — [k] be
a-close to monotone in {1 distance. There is an LCA that makes queries to f and outputs
queries to g : P — [k]|, such that g is monotone and ||f — g||1 < 2a. The LCA makes
(Alog N)OUoghlogk) gy eries where A is the mazimum number of predecessors or successors
of any element in P, N is the number of vertices, and h is the length of the longest directed
path.. It uses a random seed of length poly(Alog N), and succeeds with probability 1 — N—19.

The following lemmas are used in the proof of correctness of our algorithm.

Lemma 4.4.2 (Equivalence of k-valued and bitwise monotonicity). Let f : P — [k] be a
function and f; be the projection of f onto the iy, most significant bit of k, i.e. fi(x) =1 if
the i, bit of f(x) is 1, for each i € [[logk]]. Let P; be the poset on the elements of P with
the relation

x <p y:=x<py and f;(z) = f;(y) for all j <i.

Then f is monotone if and only if each f; is monotone over the corresponding P;.
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Proof. Let z and y be comparable elements of P; w.l.o.g. x <p y. It is sufficient to show
that f(x) > f(y) if and only if there is some i for which z <p, y and f;(x) > f;(y). We claim
that this ¢ is the most significant bit in which f(z) and f(y) differ. It is certainly true that
f(x) > f(y) if and only if f;(z) > fi(y) for this 4, and since f;(x) = f;(y) for all j < ¢ by the
choice of ¢, we have z <p, y as well. O

Lemma 4.4.3 (Preservation of closeness to monotone functions). Let g be obtained from f
by swapping the labels of a pair x <p y that violates monotonicity. Then for any monotone
function m, ||g —m||1 < ||f —ml]];.

Proof of Lemma 4.4.3. Since m is monotone, certainly m(z) < m(y), and since f violates
monotonicity on this pair, certainly f(z) > f(y) (and therefore g(y) > g(x)). We will examine
the contribution of = and y to each of ||f — m||; and ||g — m||;. We have the following cases:

o f(y) < f(z) <m(x) <m(y): then

im(x) = f(@)] + [m(y) = )| = m(z) +m(y) - (f(2) + f(y))
=m(x) +m(y) — (9(x) + 9(y))
m(z) = g(2)| + [m(y) — gl
The distance of this pair does not change. The case of m(z) < m(y) < f(z) < f(y) is

symmetric.

o f(y) <m(x) <m(y) < f(x): then

The distance of this pair does not increase. The case of m(x) < f(y) < f(x) < m(y) is
symmetric.

e f(y) <mlx) < f(z) < m(y): then

The distance of this pair does not increase. The case of m(x) < f(y) < m(y) < f(z) is
symmetric.

The corollary follows from repeated application of Lemma 4.4.3 and the triangle inequality.

95



Corollary 9 (¢, error preservation). Let g be obtained from f by a series of swaps of label
pairs that violate monotonicity in f. Then ||g — f||1 < 2 - dist;(f, mono).

Here we present the LCA implementation of Algorithm 21. Here, BOOLEANCORRECTOR
refers to the LCA described in Theorem 21 and Remark 23.

Algorithm 14 LCA implementation of Algorithm 21, k--CORRECTOR(z, P, f,i, 1)
1: Given: Target vertex z, all-neighbors (immediate predecessor and successor) oracle for
P, query access to f : P — [k], iteration number i, random seed r =r;0...0r;.
2: Output: query access to function g : P — [k] which is monotone when truncated to the
first © most significant bits.

3: if i = 0 then return f(z)

4: else

5: S + the set of all predecessors and successors of x in P

6: for y € S do

7 Let f'(y) <k-CORRECTOR(y, P, f,i — 1,11 0...01;_1).

8: Let f! be defined as in Algorithm 21, and P/ be similarly defined with respect to f;.
9: Remove any y from S such that f/(y) = f/(z) or y and x are incomparable in P;.
10: Let z <~ BOOLEANCORRECTOR(z, P/, f, ;)

11: return f'(z)

Algorithm 15 HYPERCUBECORRECTOR(f, &, 1)
Given: function f : {—1,1} — [—1,1] given as succinct representation, additive error
parameter € > 0, random seed 7 = r;0... 07 6g1/6]-
Output: succinct representation of monotone function ¢ : {—1,1} — [—1,1].
P « representation of a function that takes x and outputs TRUNCATEDCUBE(x, €)
f’ < representation of a function that takes x and outputs | f(x)/e]
f" «+ representation of a function that takes = and outputs

¢ - k-CORRECTOR(z, P, f', [log(1/e)],7) —+/2dlog2/e < |z| < \/2dlog2/e
1 |z| > \/2dlog2/e
—1 |z| < —y/2dlog2/e

return f”

Lemma 4.4.4 (Correctness and query complexity of Algorithm 14). With probability 1 — i -
N~ over a random seed r of length poly(Alog N), the algorithm k-CORRECTOR(z, P, f,4,r)
gives query access to a function g that is monotone when truncated to the first © most significant
bits. Its query complexity is (Alog N)C@esh+D) “and ||g— f||1 < 20, where a is the ¢ distance
of f to the nearest monotone function.

Proof. Fix the random seed r and assume all calls to BOOLEANCORRECTOR succeed with r,
then we proceed by induction. In the base case, f is certainly monotone when truncated to 0
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bits and the algorithm makes only 1 query. In the inductive case, suppose the claim holds for
i — 1; in other words k-CORRECTOR(y, P, f,i — 1,7 0...0r;_1) makes (A log N)O((—1Dlogh+1)
queries and returns a function that is monotone in the first ¢ — 1 bits. Then when k-
CORRECTOR is called with iteration number i, the function f; is monotone over P; for
all j < i. BOOLEANCORRECTOR(z, P/, f!,r;) returns a vertex to swap labels with z such
that the resulting function is monotone in the iy, bit, over the poset P/. Then the function
returned by k-CORRECTOR satisfies the conditions of Lemma 4.4.2 for the first ¢ bits, so it
must be monotone in the first ¢ bits.

We now bound the failure probability and distance to f. The failure probability of
BOOLEANCORRECTOR is N~ ! and we call BOOLEANCORRECTOR on i different graphs,
so by union bound the total failure probability is < i - N71! as desired. The fact that
llg — fll1 < 2« follows from Corollary 9. O

We can now prove Theorem 5.

Theorem 5. [Local monotonicity correction of real-valued functions| Let P be a poset with
N elements, such that every element has at most A predecessors or successors and the longest
directed path has length h. Let f: P — [—1,1] be a-close to monotone in {1 distance. There
is an LCA that makes queries to [ and outputs queries to g : P — [—1,1], such that g is
monotone and ||f — g||1 < 2a + 3. The LCA makes (Alog N)OUoehlog(l/e) gyeries, uses a
random seed of length poly(Alog N), and succeeds with probability 1 — N~10.

Proof of Theorem 5. Given some ¢ € (0,1/2), let f.(x) := | f(x)/e]; certainly queries to f.
can be simulated by queries to f. On input z, run k-CORRECTOR(z, P, f., [log(2/¢)], r) with
a random seed 7 of length poly(Alog N). By Lemma 4.4.4, this makes (A log NV)©(es(1/e)logh)
queries to f. and outputs g.(z), where g is monotone and ||g. — f:||1 < 2 - dist;(f, mono).
Since f is a-close to some monotone function m, we have dist; (f., mono) < ||f. — m/e||; <

f /e =m/elli +[[f/e = fellh < a/e+ 1.
Return g(z) := ¢ - g.(x). Then
g = Fllv = llege = fll < llege — efell + llefe = fll < 2e(a/e +1) + & < 200+ 3.

The failure probability is N7'! - [log(2/¢)] by Lemma 4.4.4, but we will assume that
[log(2/e)] < N. Otherwise, the allowed query complexity and running time would exceed
AN which is > AN for any A, N > 1. With O(AN) query complexity and running time, a
trivial algorithm would suffice: one could solve the linear program with AN monotonicity

constraints, minimizing ||g — f||1. Under our assumption, the failure probability is at most
N0, O

Corollary 10 (Monotonizing a representation of a function on the Boolean cube). Let
[ {=1,1}* — [—1,1] be a-close to monotone in ¢, distance, given as a succinct representation

of size sy. There is an algorithm that runs in time 90(Vdlog?2(1/z)) . sy time and outputs a
monotone function g such that ||f — g||1 < 2a+ 4e. The size of the representation of g is
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90(Vdlog®2(1/2)) . sg. The algorithm uses a random seed of length 20(Vdlog(1/2)) gnd succeeds
with probability 1 — 27104,

Proof. Let f:{—1,1}% — [~1,1] be a-close to monotone in ¢; distance. We call the algorithm

HYPERCUBECORRECTOR( f, €, 7) with a random seed 7 of length 20(Vdlee(1/=)loed) " Piygt e
set the poset to be the truncated cube of width y/2dlog2/e, which is a poset such that every

element has at most 200V @108(1/2)1ogd) nyredecessors and successors. The representation of this
poset (not its transitive closure) has size poly(d,log(1/¢)). Then we set f’ to be a function
that discretizes f to 2/e possible values. This representation has size O(sy/e). Then we set
f" to be a function that computes the Hamming weight of x, then either calls k~-CORRECTOR
or outputs a constant. So its size is the size of the k~-CORRECTOR representation times some
overhead that is polynomial in d and 1/e. Since the A parameter for the truncated cube is

20(y/dlog(1/e)logd) " t1)o J parameter is O(\/E), and the N parameter is < 2¢, the worst-case
running time and query complexity of this instance of k-CORRECTOR is 90(Vdlogdlog™2(1/2)) 1,

Lemma 4.4.4. Thus the representation size of the k-CORRECTOR instance is 90(Vdlog**(1/ ),
and so the representation size of f” is 90(Vdlog?*(1/¢)) . sy. With the random seed of length

20(vdlog(l/e)logd) — 4)51y(Alog N), k-CORRECTOR succeeds with probability N—10 < 2104,
]

4.5 Analysis of the Matching Algorithm

In this section we give an algorithm for generating a succinct representation of a matching
over the violated pairs of the hypercube whose weight is a constant factor of the distance
to monotonicity. The core of the algorithm is an LCA for finding such a matching over the
violated pairs of an arbitrary poset.

Lemma 4.5.1 (Equivalence of distance to monotonicity and maximum-weight matching).
Let W be the total weight of the maximum-weight matching of the violation graph of f. Then
dist; (f, mono) = W/N.

Proof. This proof is analogous to the proof of Lemma 3.1 of [14]; for completeness we
include a proof. The proof of dist;(f, mono) > W/N is straightforward; for any edge
(z,y), * < y in the matching, any monotone function must have g(y) > g(z) and thus
(f(x)=g(x)+ (g9(y) — f(y)) > f(z) — f(y). So the contribution of z and y to the ¢; distance
is at least the weight of (z,v).

For the other direction, we give a proof exactly analogous to the max-weight matching
characterization of distance to the class of Lipschitz functions as presented in [14]. Let g be the
closest monotone function to f in ¢;-distance. We will partition the vertices of the cube into
three classes: Vo :={z | f(x) > g(2)}, Vo :={x | f(x) < g(x)}, and V_ := {z | f(x) = g(x)}.
We will duplicate the vertices of V_ and group one copy with V5 and one copy with V_, to
form vertex sets V> and V<. The duplicated copies of z will be denoted x> and z<. We
define the bipartite graph By, to be the graph on V5 x V< with an edge (z,y) if z < y and
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g(x) = g(y). The weight of the edge (x,y) is the same as it is in viol(f); it is just f(x) — f(y).
Intuitively, a matching in By, will represent a set of edges along which some a minimal
amount of label mass is transferred to correct monotonicity. First, we claim that By, has
a matching which matches every vertex in V. U V.. This will follow from Hall’s marriage
theorem if we can show that for every A C V5 or A C V_, we have |A| < |N(A4)|.

Suppose for contradiction that the marriage condition is false, and without loss of generality
let A be the largest subset of V- for which |A| > |[N(A)|. We would like to claim that for any
x€ AUN(A)and y ¢ AUN(A), if z <y then g(x) < g(y). We consider four possible cases:

a) fxe Ajye Vo, x <y, and g(z) = g(y), then y € A as well, by the choice of A to be
the largest set that fails the marriage condition. This is because N(y) C N(x): any
neighbor z of y must have g(z) = g(y) = g(z), have * < y < z, and be in V<, which
makes it a neighbor of z.

b) If z € N(A), y € V<, x <y, and g(z) = g(y), then g(y) = g(z) = g(2) and z <z <y
for some z € A, soy € N(A).

c) fxe A yeVe, z <y, and g(z) = g(y), then y € N(A).

d) If z € N(A),ye Vs, x <y, and g(z) = g(y), then g(y) = g(z) = g(z) and z < = < y
for some z € A, so as in case (a) we have N(y) C N(z) and therefore y € A.

We have shown that for any v € AUN(A) and y ¢ AU N(A), if x < y then g(x) < g(y).
Then there is some § > 0 for which g(z) can be increased by ¢ for every x € AUN(A) without
breaking monotonicity. This decreases ||f — g||1 by 0(]4] — N(A)|) > 0, which contradicts
the assumption that ¢ is the closest monotone function.

Having proven that By, contains a matching M’ on all vertices in V5 U V., we will now
show that its weight is equal to N||f — g||1, using the fact that g(z) = g(y) for all (z,y) € M".

Yo f@)—fy)= > f@)—g@) +9w)—fw)= Y. |f(x)=g@)|=NIf-gll

(zy)eM’ (z,y)eM’ zeVaUVe

We will now find a matching M in viol(f) of equal weight. First replace each < and x>
with z, obtaining an edge set in viol(f) of equal weight that is not necessarily a matching,
but is a set of disjoint paths. We replace each path with the edge between its endpoints;
i.e. if there is some pair of edges (y,z<) and (x>, z), then we know that y < x < z and
fly) = f(z) = ((f(y) = f(z) + (f(x) — f(2)), so the matching edge (v, z) has weight equal to
the total weight of the path it replaces. Then M is a matching in viol(f) of weight equal to
N||f = g||l1, which is equal to N - dist;(f, mono). O

4.5.1 Details and Correctness of MATCHVIOLATIONS

The algorithm MATCHVIOLATIONS given in Section 4.6 makes calls to an algorithm called
FILTEREDGES, which removes vertices that have already been matched or are not incident
to any heavy edges. We give the pseudocode for FILTEREDGES here.
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Algorithm 16 LCA: FILTEREDGES(P, f,t, M, x)
1: Given: Poset P, function f: P — [—1,1], and matching M given as succinct represen-
tations, weight threshold ¢, vertex x
2: Output: All neighbors of x in the graph of violation score > ¢t and not in M
3: return

{y € P(2) |
M(y) = L and [(x <y and f(z) > f(y) +1) or (v >y and f(z) < f(y) — )]}

Lemma 4.5.2. Let P be a poset with N wvertices, and let A be an upper bound on the
number of predecessors and successors of any vertex in P. Then the output of the LCA
MATCHVIOLATIONS(P, f,e,1) with a random seed r of length poly(A,log N), is a matching
of weight at least N (+dist;(f, mono) — e) with probability at least 1 — N~10.

Proof. This is a small modification to the standard greedy algorithm for high-weight matching.
Fix the random seed r and assume all calls to the algorithm of [64] using r succeed. Let
M’ be a maximum-weight matching over viol(f), and let M be a matching returned by
MATCHVIOLATIONS. We will use M to refer to the matching and its succinct representation
interchangeably. For each edge e € M’ let w, be the weight of e (i.e. the violation score of
its endpoints), and . be the total weight of edges in M \ M’ that share an endpoint with e.

First we show by induction that at the start of each iteration ¢, M is maximal over the
subgraph of TC(P) induced by edges of weight greater than 2=~V In the base case, M
is initialized to be the empty matching, which is maximal on the edges of weight > 2, as
there are no such edges. In the inductive case, we assume the invariant is still true at the
start of iteration 7. Then when FILTEREDGES (Section 4.5.1) is called in iteration i + 1,
the vertices removed are exactly those that are either already in M, or not incident to any
edges of weight greater than ¢+ = 27%. Then by the maximality of the matching computed by
GHAFFARIMATCHING on the filtered subgraph, any edge not in that matching must satisfy
one of the following criteria:

e it has weight at most 27,
e it has an endpoint in M,
e it shares an endpoint with another edge in GHAFFARIMATCHING.

So after the new edges of in GHAFFARIMATCHING are added to M, M is maximal over
the 27%-heavy edges as desired.

Now we claim that §. > w./2 for any edge e € M’ \ M of weight at least . This is
because after the first round for which ¢t < w,., M’ must be maximal over the t-heavy edges.
This ¢ is at least w,/2, so if e € M, then either it shares an endpoint with some edge of
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weight at least w,/2 or its own weight is < e. We then have

wM) =wMnM)+ Y w

e€M\M

<w(MnM)+ Z max(26,, €)

eeM'\M

w(MNM)+2 Z de +eN

ee M'\M

We claim that ZeeM,\M < 2-w(M\ M'). This is because each edge in M \ M shares an
endpoint with at most 2 edges of M’ \ M, otherwise M’ would not be a matching. Therefore,

w(M') <w(MnNM)+4 Z we +eN
eeM\M’
<4-w(M)+eN

By Lemma 4.5.1, w(M’) = N - dist; (f, mono); therefore w(M) > N(3dist;(f, mono) —¢) as
desired.

We now bound the failure probability. When called with a random seed of length
poly(log N,loglog(1/¢)) the algorithm of [64] can be made to succeed with probability
1 — (N71%/log(4/¢)). We use the random seed on at most log(4/¢) different graphs, so by
union bound, with probability 1 — N!0 all the calls succeed. By the same argument as in the
proof of Theorem 5, we may assume that log(1/¢) < N, and so the randomness complexity is
poly(A,log N). O

Lemma 4.5.3 (Running time and output size). Let P, f,e, N, A, and r be as described in
the lemma above. Let sp be the size of the succinct representation of P, and sy be the size of
the succinct representation of f.

Then MATCHVIOLATIONS(P, f,e,7) runs in time (Alog N)©UeW/o)) (sp + s;) and outputs
a representation of size (Alog N)OUel/o) (sp 4 s¢).

Proof. If ¢ < 1/N, then MATCHVIOLATIONS constructs and outputs a representation of
the standard global greedy algorithm for 2-approximate maximum matching. The repre-
sentation size of this algorithm is O(AN) < (Alog N)9UWs(1/e) " and the running time of
MATCHVIOLATIONS is polynomial in this representation size.

If ¢ > 1/N, then by induction on the number of iterations i, we will show that the
representation size of M at the start of iteration i is at most (Alog N)°@(sp + s;). In the
base case, we have an empty matching M which has constant representation size.

In the inductive case, suppose the claim holds at the start of iteration i. Then we set P’
to be the function that applies FILTEREDGES to TC(P). TC(P) has size O(A - sp), as it
makes O(A) calls to P. FILTEREDGES makes one call to TC'(P) and at most O(A) calls to

101



M and f. It also has overhead of size O(logt) = O(log(1/¢)) = O(log N). By the inductive
hypothesis, the size of P’ is then

O(A) - (Alog N)°D(sp + s¢) + O(log N) + O(A - sp)
S(A log N)O(H_l)(SP + Sf).

Then we set M to be the function that applies GHAFFARIMATCHING to P’. (GHAFFARI-
MATCHING has constant overhead and makes poly(A,log N) queries to P’. Then the new
size of M is poly(A,log N) - (Alog N)°D(sp + s4) = (Alog N)OHD (sp + s¢).

The size bounds follow from the fact that there are O(log1/¢) iterations. The corre-
sponding running time bound for MATCHVIOLATIONS comes from the fact that since it only
constructs the succinct representations, its running time in each iteration is polynomial in

the size of the representations it constructs.
m

Algorithm 17 HYPERCUBEMATCHING(f, e, 1)
1: Given: Function f : {-1,1}¢ — [~1,1] given as succinct representation, weight
threshold ¢, random seed 7 =11 0... 0752/

: Output: Succinct representation of a high-weight matching on the violating pairs w.r.t.
f

3: P < TRUNCATEDCUBE(d, ¢)

4: M < representation of a function that takes x and outputs

MATCHVIOLATIONS(P, f,e,7) —+/2dlog2/e < |z| < /2dlog2/e

L otherwise

[\

6: return M

Lemma 4.5.4. With a random seed of length 26(\/31%(1/5)), Algorithm 17 outputs a rep-
resentation of a matching on the weighted violation graph viol(f), of weight at least 2% -
(3dist; (f, mono) — 4¢), with probability at least 1 — 271%. The size of the representation is

90(Vlog(1/2)) . sy, where sy is the size of the representation of f.

Proof. HYPERCUBEMATCHING calls MATCHVIOLATIONS on the truncated hypercube, which
has parameters N < 2¢ and A = 20(Vdlogdlog(1/2))  The size of the representation of TRUN-
CATEDCUBE is O(d). So by Lemma 4.5.3, the running time and output size of HYPERCUBE-
MATCHING are 20(Vdlogdlog(1/)) . g - and the random seed length is 20(Vdlosdlog(1/2))

Let f’ be the restriction of f to the truncated cube. Since f is bounded in [—1,1]
and the truncated cube covers all but an ¢ fraction of vertices, we have dist;(f’, mono) >
dist; (f,mono) — 2e. By Lemma 4.5.2, the weight of the matching is at least (1 — ¢) -
2¢(4dist; (f', mono) —¢) > (1 —¢) - 24(4dist; (f, mono) — 3¢/2) > 27(4dist; (f, mono) — 4e).

O
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4.6 Algorithm for Agnostic Learning

In this section we give descriptions of the agnostic learning algorithm and its major components
(we will analyze the algorithms in the subsequent sections). The algorithm MONOTONE-
LEARNER makes calls to

4-Vd

4
ELLIPSOIDALGORITHM, where the optimization domain is the < d[ e %8 J—dimensional

space of degree- {%ﬁ log ‘ﬂ polynomials over R?, and the feasible region is the subset of such

polynomials that are e-close to monotone and a-close to f. Its output, P°°P  is such a
polynomial (see Fact 2 for details). It also makes calls to HYPERCUBECORRECTOR, which is
given in Corollary 10.

Algorithm 18 Algorithm MONOTONELEARNER (d,¢,T)
1: Given: Integer d, ¢ € (0,1), and uniform sample access to an unknown function f :
{£1}4 — {£1}.
2: Output: Circuit C : {1}¢ — {&1}.
3: for a € {¢,2¢,3¢,---1 —¢,1+ 200} do

.. . _;[4«/31%4}
4: OptimizationResult - ELLIPSOIDALGORITHM ( 1,e-d 2| ¢ =1, ORACLE, 4¢ |-
5: if OptimizationResult#FAIL then
6: PGOOD — OptimizationResult
7: PSOOD = < representation of a function that takes input @ and outputs the value

PGOOD(g)  if PEOOD(g) ¢ [—1, +1]

1 if PEOOD () > 1
—1 if PEOOP(z) < —1
8: PSSO (rep ¢ representation of a function that takes input @ and returns the

value

HYPERCUBECORRECTOR(z, PSOSRED, 7)

: T <+ 2P log (2) log(20d) i.i.d. pairs (x;, f(x;)), with @; sampled uniformly from
(—1,1}%

10: ThresholdCandidates<— {1 i.i.d. uniformly random elements in [—1,1]}.
11 = al"glnintEThresholdCandidates [ﬁ ZmGT Hslgn(ngRoF]{)ECTED (w) - t) - f(.’,C) Hi|
12: return representation of a function that takes input & and returns the value

Sign(nglglgECTED(w) —t¥)

The subroutine ORACLE takes as input a polynomial and provides the separating hyper-
plane required by ELLIPSOIDALGORITHM. It makes calls to HYPERCUBEMATCHING (see
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Lemma 4.5.4), which provides a high-weight matching over the pairs of labels that violate
monotonicity.

Algorithm 19 Subroutine ORACLE, 4.(P)

1: Given: ¢,a € (0, 1), degree- {%& log g-‘ polynomial P over R? with || P, < 1, and
uniform sample access to an unknown function f: {+1}% — {+1}.

2: Output: "Yes" or ("No", Qseparator); Where Qseparator 18 & degree- [%g log g‘ polynomial

over RY.
3: Prrimvep < representation of a function that takes input x and outputs
P(z) if P( [—1,+1]

x) €
1 if P(x) > 1
1 if P(a) < —1
4 T + set of d¥* 82 iid. pairs (x;, f(x;)), with x; sampled uniformly from {—1,1}¢
(for sufficiently large constant C').

5: r < string of 20Valoadlos )Y random ii.d. bits (for sufficiently large constant C).
6:  Mgeparator < representation of a function that takes input x and outputs

0 if HYPERCUBEMATCHING (PrrivmMED, €/4,7) does not match x to any other vertex
1 if HYPERCUBEMATCHING (PrrivMED, €/4, 1) matches @ to some vertex z, s.t. z < x
—1 if HYPERCUBEMATCHING (PrrivmED, €/4, ) matches = to some vertex z, s.t. z = x

7. 1if |—71q| cheT [Mseparator(a:) . PTRIMMED(m)] > be then

8: Qseparator < ZSC[d]s |S|§{4~57\/E log g-‘ (ﬁ ZmGT [Mseparator(w) : XS(m)]> Xs

9: return (uNO”7 Qseparator)
10: else if ﬁ Y wer |f(x) = P(x)]] > a4 50 then

1 Quepor = Lgcigsie g 4] (Eor [P(S)xs(@)sign(Pl) — f(@)] ) xs

12: return (“NO”, Qseparator)
13: else
14: return “Yes”

The algorithm MATCHVIOLATIONS finds a high-weight matching on the violation graph
of a poset. It is the main component of HYPERCUBEMATCHING, which is just a wrapper
that calls MATCHVIOLATIONS on the truncated cube. FILTEREDGES removes vertices that
are either incident to M or have weight below the threshold ¢, and GHAFFARIMATCHING is
the maximal matching algorithm of Corollary 3. More implementation details and analysis
are given in Section 4.5.
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Algorithm 20 MATCHVIOLATIONS(P, f,e,7 =71 0...0 T i5g2/c])

Given: Poset P and function f: P — [—1, 1] given as succinct representations, weight
threshold e, random seed 7 = ry o ... 0rpog2/e
Output: Succinct representation of a high-weight matching on the violating pairs of P
w.r.t. f
if e < 1/|P| then
M <« representation of the greedy algorithm that adds each edge (x,y) of TC(P) in
decreasing order of f(z) — f(y).
else
t 42
141
M < representation of a function computing the empty matching
while t > ¢/2 do
P’ + representation of a function that takes input 2 and outputs
FILTEREDGES(T'C(P), f,t, M, x)
M < representation of a function that takes input = and outputs M (x) if M (x) # L,
otherwise GHAFFARIMATCHING (P’ r;, x))
t+t/2
141+ 1
return M

The following is the core of HYPERCUBECORRECTOR, given as a “global overview” for
convenience. Analysis and local implementation are given in Section 4.4. The algorithm
corrects monotonicity of a k-valued function over a poset. HYPERCUBECORRECTOR is a
wrapper that discretizes a real-valued function and then calls this corrector with the truncated
hypercube as the poset.

Algorithm 21 Global view of sorting k-valued labels in a poset
Given: Poset P of height h, function f: P — [k]
Output: monotone function g : P — [k]
Let i <0
for 0 <i < [logk] do
Let f; be the projection of f onto the 7;;, most significant bit of k, i.e. f;(z) = 1 if the
iy, bit of f(x) is 1.
6: Let P; be the poset on the elements of P with the relation

x<p y:=x<pyand f;(z) = f;(y) for all j <.

7: Let 7; < BOOLEANCORRECTOR( f;, F;).
8: Let f — fﬂ'i.
9: return f
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4.7 Analysis of the Agnostic Learning Algorithm

By inspecting algorithm MONOTONELEARNER (i.e. Algorithm 18 on page 103), we see
immediately that the run-time is 20(Vd/e)  We proceed to argue that the algorithm indeed
satisfies the guarantee of Theorem 4. First, we will need the following standard proposition.

Claim 15. For any positive integers d and r, real €, € (0,1), and any function f : {il}d —
[—1,1], let T be a collection of at least d°" - % In % ln% i.1.d. uniformly random elements of

{+1Y%. Then, with probability at least 1 — 0

max N = Plly = Egur [|f () — P(2)]]] <,
degree-r polynomial P over {+1}
with || Pl <1

Proof. First we bound the probability that the condition above holds for one specific P with
| P|l, < 1. The condition ||PJ|, < 1 implies that max a|P(x)| < d". This implies, via
the Hoeffding bound, that

re{xl}

2T
Praciecrr [[If = Pl = Baur 17(0) - P} > 5] <o (501

We now move on to bounding the maximum over all degree-r polynomials P over {il}d
with || P||, < 1. We will need a collection C of degree r polynomials over {+1}%, such that
IC| < exp (d"In %) so for every degree r polynomial P with ||P||, < 1 there is some element
Posest € C for which it is the case that

max ‘P(w) - Pclosest<w>| <
:L'G{il}d

NG

Also, the Ly norm of every element in C is at most 1. Such a set can be constructed by putting

into C all polynomials of the form ) g cs (xs(x)) with the coeflicients cg taking values
|S|<r

in [~1,+1] rounded to the nearest multiple of g5, while discarding the polynomials whose

Ly norm is larger than 1. This way, since xg(z) € {1}, when we round the coefficients of

P to a multiple of ;5 the value at any € {:l:l}d cannot change by more than £, as there

are at most d” contributing monomials 3. The total number of such polynomials is at most
(B)T = e in*E
8 . ) .
Now, by taking a union bound on all elements of C we get

5 e2|T 8d"
Praci ey [ax I = Pl = Eer /@) - P@I) < 5| 2 1= o0 (-5 13 )

32 q2r +d'In €

3To have || Pelosest ()|, < [|P|l, < 1 we should round to the closest multiple of g5 that is smaller in the
absolute value of the coefficient being rounded
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Finally, if the above holds, by choosing a polynomial P,jeest from C to minimize
maxwe{il}d |P($) - PClosest(aj)| we get that

Prchoice of T max |Hf - P”l - EmNT “f(w) - P(w)m <e| 2

degree-r polynomial P over {£1}¢
2 T
e*|T 4d
1—exp(— | |+drln )
€

with [|P|l, <1
g d27’

Substituting |T'| > d5“% In % ln% we see that the above expression is at least 1 — 9. O

Now, in the following lemma we prove that subroutine Oracle, 4.(P) (i.e. Algorithm 19
on page 104) satisfies some precise specifications with high probability. Informally, we show
that Oracle, 4.(P) either

e Certifies that the polynomial P is both close to monotone in L; distance and has I
prediction error of o + O(e).

e Outputs a hyperplane separating P from all such polynomials.
Formally, we prove the following:
Lemma 4.7.1. For sufficiently large constant C' in Section 4.6 and Section 4.6 of procedure
Oracle, 4.(P), sufficiently large integer d, any function f: {—1,1}¢ — {—1,1}, parameters
g,a € (0,1), and a degree- [%ﬁ log ﬂ polynomial P satisfying || P||, < 1 the following is true.

The procedure Oracle, q.(P) runs in time dé( c ) and will with probability at least 1 — 2%

conform to the following specification:

1. If Oracle, q.(P) outputs “yes”, then:

1 if P(x) > 1,
(a) The function Prppymep = { —1 if P(x) < —1,
P(x) otherwise.
1s 100e-close to monotone in L1 norm.

(b) The Ly distance between P and the function f is at most o + 100e.

2. If Oracle, q.(P) instead outputs ("No", Qseparator), Where Qseparator 15 @ degree- [%ﬁ log g—‘
polynomial over R%, then we have (P',Qeparator) < (P, Qseparator) for any degree-
[%ﬁ log é—‘ polynomial P with ||P'||, <1 that satisfies the following two conditions:

e P ise-close in Ly distance to some monotone function fmonotone : {jzl}d — [-1,1]
and
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o P'is (a+¢€)-close in Ly distance to the function f which we are trying to learn.

In particular, this implies that if P itself is e-close in Ly distance to some monotone function

and is (o + €)-close in Ly distance to the function f, then Oracle,q.(P) will say “yes” with

probability at least 1 — 21%.

Proof. We use the union bound to conclude that with probability at least 1 — 2% all the
following events hold:

e The LCA from Lemma 4.5.4 works as advertised and the weight W of the resulting
matching satisfies

? > 0.1dist (PTRIMMED> mono) — E.

Another way to write the same thing is

<Mseparatora PTRIMMED> > 0.1 diStl(PTRIMMEDa mono) — €. (4-1)
From Lemma 4.5.4 it follows that this holds with probability at least 1 — 21%

e The estimate of (Meparator; Prrivmmvep) in Section 4.6 is indeed e-close to the true value.
From the standard Hoeffding bound, this holds with probability at least 1 — 21%

e It is the case that

Z Mseparator(S>XS - Qseparator S €

. 4-Vd 4
SC[d]-IS\S[TloggW 9

Substituting the expression for Qseparator, and using the orthogonality of {xg} we see
this is equivalent to

Z (Ms/ep;ator(S) - % Z [Mseparator<m> : XS(fB)]> <e
1 )

Scld): |S|§P'T‘/Elog§

8
(67 s 4]

<ed in absolute value w.p. > 21% via Hoeffding’s bound

Overall, the above holds with probability at least 1 — QT}d by taking a Hoeffding bound
for each individual summand and taking a union bound over them.

e The set T C {1} is such that

A If = P'lly = Esap~r [ f (@) = P@)]] <&
degree- ’747\/3 log %-‘ POlynomial P’ over {il}d | 1 (fl' (1')) ‘
with [P/]l, <1

(4.2)

It follows from Claim 15 that this happens with probability at least to 1 — 21%
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Now, we argue that if these conditions indeed hold, then Oracle, q4.(F) will satisfy the
specification given.

First, suppose Oracle, 4.(P) answered “yes”. Then, since the estimate of (Mseparator PTRIMMED)
in Section 4.6 is within € of its true value, we have

<Mseparator> PTRIMMED> S be.

Now, since we are assuming the matching LCA from Lemma 4.5.4 works as advertised, this
means that

6 > (Mseparator, Prrivvep) = 0.1 - disty (Prrivmvep, mono) — €
which can be rewritten as
diStl(PTRIMMED; IIlOIlO) S 70e S 1006,

which is one of the two things we wanted to show. The other one was showing that the L,
distance between P and the function f, which we are trying to learn, is at most o + 100e.
Since the algorithm returned “yes”; it has to be that in Section 4.6 we have

Egr [|f(x) — P(z)|] < o+ 50e.
From Equation (4.2) it then follows that
If = Plly < Egur [[f(2) = P(2)[] +-& < a +51e < o+ 100,

which is the other condition we wanted to show for the case when the oracle says “yes”.
Now, assume the oracle outputs “no” along with some polynomial Qseparator and let P’ be

a degree [%g log g-‘ polynomial with ||P’||, < 1 that satisfies the following two conditions®:

e P’ is e-close in L, distance to some monotone function fionotone : {:I:l}d — [—1,1] and
e P'is (a+ ¢)-close in L distance to the function f which we are trying to learn.

Here, again, there are two cases. First, suppose we have the case where Qgcparator 15 gen-
erated from Meparator- We have that the oracle’s estimate of (Meparator, Prrivmvep) 1s at
least 5e, which means that (Mgeparator, Preimvep) > 4e. We know that P’ is e-close in
L, distance to some monotone function fyonotone : {:I:l}d — [—1,1]. Since Mgeparator 18
defined to be so for every matched pair (x;,y;) with &; < y; we have Meparator(€;) = 1 and
Mieparator (¥i) = —1 and is 0 otherwise, and for each such pair fionotone (i) < fimonotone (Yi)
we have (Mseparators fmonotone) < 0. This allows us to conclude

O Z <Mseparat0r7 fmonotone> = <Mseparator7 Pl> + <Mseparat0r> fmonotone - Pl> 2

<Mseparator7 P,> - ( max |Mseparator(x)’) Hfmonotone - P/Hl 2 <Mseparatorypl> — &,

re{-1,1}4

41f no polynomial satisfying these conditions exists, the statement we are seeking to prove holds vacuously.
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which means

€ > <Mseparator7 Pl> = < Z Separator (H xz) 7 > )
d

Scld):[S)<[ £ log 2 =

<Qseparator7 Pl>_ Q - Z separator (H xz) ||P/||2 <Qseparat0r7 P/>

Scld): 18]< [47‘/3 log E] i€s ,

(4.3)

On the other hand, the oracle’s estimate of (Meparator, Prrivmmven) is at least 5e, which means
that it is the case that (Meparator, Preivmven) > 4. This allows us to conclude

Trimming the values of a function
only decreases weights of violated edges
7 N
45 S <Mseparat0r7 PTRIMMED> S <Mseparator7 P> = < E Separator ( | | xz) ) > ~
. 4-v/d €S
[d]: 151<[ 49 1og 4]

<Qseparatora P> + Q - Z separator (H mz) HP||2 <Qseparator7 P> +5-
d

Scld):|8|<[ £ 10g 4 i€s ,

(4.4)
Combining Equation 4.4 and Equation 4.3 we get
<Qseparat0r7 P,> S 25 < 35 S <Qseparator7 P>

as required.
Finally, we consider the case when Qseparator 1S generated on Section 4.6. Since P’ is
(av + €)-close in L, distance to the function f, by Equation (4.2) we have that

a+e<|[f(x) - P@)|, <E@s@)~rlf(@) - P(@)] -

which we can rewrite as Eg f(z))~r [|f(2) — P'(x)|] < o+ 2¢. At the same time, we have
Ea,f@)~r [|f(x) — P(x)|] > a + 50e, which means that

E f@y~r [|f(®) = P(@)]] > B f@p~r [| f(x) = P'(2)]].-

Therefore, as the function mapping a polynomial H to the value E 4 fayr [|f(2) — H(x)]]
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is convex , it has to be the case that®

<P’ - P, > (Bawr [B(S)xs(@)sian(P(x) - f(x))]) XS> _
Scld]

: |S|§[4'E—‘/a log éw

= <P’ — P,Vy (E(m,f(m))NT [|H(x) — f(w)H)

) <o.
H=P

This implies that (Qseparator; ') < (Qsepatators P), which completes the proof. O

4.7.1 Finishing the Proof of the Main Theorem (Theorem 4)

Recall that earlier by inspecting Algorithm 18 we concluded that this algorithm runs in

(VL
time 2O< c ) Here we use Lemma 4.7.1 to finish the proof of Theorem 4 by showing that
with probability at least 1 — 55 the function sign(PEQSEp (€) — t*) is monotone and is
opt+O(e)-close to f (where opt is the distance of f to the closest monotone function).

We can further conclude that with probability at least 1 — 2% the following events hold:

1. Every time an oracle Oracle, 4. is invoked (for various values of «), its behavior will
conform to the specifications in Lemma 4.7.1.

2. The algorithm HypercubeCorrector from Corollary 10 used on line 11 works as advertised,
so the function PSSO orep @ {21} — [—1,1] is monotone and we indeed have

H PSSRRBCTED — PGP?I?/[[K/[EDul < 10 - disty (Prgep, mono) + . (4.5)

3. In step (4), the function sign(PSSimscrep (T) — ) satisfies the guarantee from Fact 20,
Le.

| PEoRRECTED — le +e (4.6)

N —

Pr, iind [Sign(ngP?Pl?ECTED( ) —t*) # f] <
We argue that each of these events takes place with probability at least 1 — 24d

5(Vd
e Note that the oracles Oracle, 4. for various values of « are invoked at most 20( € )
times. Therefore, Lemma 4.7.1 tells us that for each of this invocations the algorithm

Oracle, 4. conforms to its specification with probability at least 1 — 5z7. Via union

bound we see that event (1) holds with probability at least® 1 — 2%1

5To be fully precise, the expression above is a subgradient of the convex function mapping a polynomial
H to Be,f(a)~7 [|f(x) — H(@)]].

OWe assume that ¢ is such that 20-1¢ exceeds the number 20(@) of times that Oracle,, 4. is invoked (for
different values of .. Otherwise, the run-time budget is sufficient to store entire truth-tables of functions over
{—1,1}% and statement in Algorithm 15 is achieved by the trivial algorithm that uses a linear program to fit
the best monotone real-valued function and then rounds it to be {—1,1}-valued. See Section 4.9.1 for further
details.
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e Event (2) holds with probability at least 1 — 5; via Corollary 10.

N

e Event (3) holds with probability at least 1 — 53; via Fact 20

N

Via union bound, we see that with probability at least 1 — 2% all these events hold, which we
will assume for the rest of the proof.

Recall that opt stands for the distance of f to the closest monotone function. We first claim
that the algorithm will break out of the loop in Section 4.6 for some value a* < 2opt + 150¢,
which we argue as follows: If a* > 2opt + 150e, then for some” a € [20pt+100g,20pt+150¢]
the ellipsoid algorithm failed to find some polynomial P on which Oracle, 4. returns “Yes”.

We claim that this is impossible. Indeed, let C.onvex be the set consisting of degree- [%3 log é-‘
polynomials P’ with || P’||, < 1 that satisfies the following two conditions:

e P is e-close in L; distance to some monotone function fyonotone : {il}d — [-1,1], and
e Pis (a4 ¢)-close in L distance to the function f which we are trying to learn.
We make the following observations:

e The set Ceonvex 1S @ convex set, because (a) the set of all monotone functions fionotone :
{£1}" — [~1,1] is convex, (b) the set of points (a + ¢)-close in Ly distance to some
specific convex set is itself convex, and (c) the intersection of two convex sets is a
convex set (in this case one convex set is the set functions {+1}% — [—1, 1] that are
(av + ¢)-close in L, distance a monotone functions and the other convex set is is the set

of all degree- [%g log é-‘ polynomials with with || P’[|, < 1).

1 [4"/310g ﬂ

e The set Ceonvex contains an Lo ball of radius at least ¢ - d 2! = In other

words, in Ceonvex there is some degree [%ﬁ log g—‘ polynomial P such that any degree-

[%glog é-‘ polynomial P’ that is e-close to Py in Ly norm is also in Ceopvex. Let

fmonotone, optimal {jzl}d — {£1} be the monotone function for which it is the case
that Pr, i1y [ fimonotone, optimal(€) # f(x)] = opt, and let Py be a degree- [%ﬁ log g-‘

polynomial that is e-close t0 fimonotone, optimal i L1 norm (such polynomial has to exist
by Fact 1). Then, Fy is (20pt + ¢)-close to f in L; norm and e-close to monotone
in L; norm. In other words, the set C.onvex contains an Li-ball of radius €. Via the
standard inequality between the L; and Ls norms, in d dimensions every L; ball or
radius e contains an Ly ball of radius at most &/ Vd. Our claim follows, since the space

4-+/d 4
€ €

of degree—[ W over R has dimension at most d[ c

"Note that opt < 1/2, because the function f is at least 1/2-close to either the all-ones or all-zeroes
functions, which are both monotone. Therefore some value of « in the range [20pt+100e,20pt-+150¢] is
necessarily considered by the algorithm as it is trying all values a@ = ¢,2¢,3¢,---1 — ¢, 1 + 200¢.
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e Since the procedure Oracle, 4 is assumed to satisfy the specifications given in Lemma 4.7.1
and for this specific value of « it never gave the response “yes”, then for every query P
to Oracle, 4, the oracle returned some halfspace that separates P from the convex set

Cconvex .

From Fact 2 we know that under these conditions the ellipsoid algorithm will necessarily in
time

4Vd |, 4 4Vd .4
poly dP e log ﬂ Jdog (R/r) | = do([4 e log ﬂ) find some polynomial P that is in Ceonyex. For

this particular polynomial, the specifications in Lemma 4.7.1 require the oracle Oracle, 4. to

give a response “yes”, which gives us a contradiction. Thus, the function PSoREp will be

O(e)-close to monotone in L; norm and will satisfy
| PESSREn — ), < 200t + O(e).

Combining this with Equation (4.5) yields
HPgOOP({)P]{DECTED - le < 2opt + O(g) + ||PTGP({)1§\)/1]§/1ED - PCGé)P?P]{DECTEDnl = 2o0pt + O(e).

We know that || PEISRED — g&?}I{DECTEDHl < O(e) because PSSR Ep is O(e)-close to
monotone by Equation (4.5). Now, combining the inequality above with Equation 4.6 gives
us

: . 1
Pro i1y [Slgn<ng§)1£ECTED(w) —t7) # f} < B} ||PCGC?ISII{)ECTED - f||1 +¢e < opt + O(e).

Finally, we see that since the function PSOOD: crpp {£1}* — [—1,+1] is monotone we have

that the {#1}-valued function sign( PSS kcrep () — t*) is also monotone, which finishes
our argument.

4.8 Rounding of Real-Valued Functions to Boolean

Fact 20. Suppose we have two functions g : {1} = R and f : {£1}* — {£1}. Let T
be a set of at least glog (i—glog %) i.i.d. uniformly random elements of {—1,1}2, and let
ThresholdCandidates C [—1,1] be a set of 2 log § i.i.d. uniformly random elements of [—1,1].
Let

= argmin — Z [sign(g(x) —t) — f(x)]
te ThresholdCandidates ’T’ —

Then, with probability at least 1 — ¢ it is the case that
Pr,, oy [sign(g(x) — ) # f1 < 5 [1f —gll, +¢
Proof. We get that

Bpft) | By ganye [Sign(g(@) — ) = (@)l < 1S - g,
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directly via linearity of expectation. Now, the random variable E, . ,q [|sign(g(x) —t) — f()]]
(with randomness taken over t) is always in [0, 2] and has some expectation E € [0, 2] which
is at most || f — g¢||,. By Markov’s inequality, we have

3

E < <1l1-—-.
E+e/2 7 24¢/2 7 4

Proci1) By iy [Sign(g(@) — 1) — g(2)]] > E+2/2] <

Since the set ThresholdCandidates consists of ? log% i.i.d. uniform elements in [—1, 1], then
with probability 1 — ¢ or more, some ¢ in ThresholdCandidates will satisfy the condition that
By 21yt [sign(g() — 1) — g()]] s in [0, B + /2]

Finally, from the Hoeffding bound and union bound we observe that with probability at
least 1 — g it is the case that

|_711| > Isign(g(®) = t) = f(@)| = Epno1,ye Isign(g(a@) — t) — f(m)]| <

W~ ™

max
teThresholdCandidates

Overall, we see that with probability at least 1 — J it is the case that

Pr, e [sign(g(@) — ) £ /] < % S [sign(g(x) — t*) — f(2)] +

xeT

This finishes the proof. ]

<slIf =gl +e

=1 M

4.9 Agnostic Learning Algorithms Handling Randomized
Labels

It is customary in the agnostic learning literature to consider a setting that is slightly more
general than the one in Theorem 4. Specifically, one is given pairs of i.i.d. elements {(z;,y;)}
from a distribution D i, where the distribution of each x; by itself is uniform. The aim
here is to output an efficiently-evaluable succinct representation of a function g for which

Prigo\oD... x) £yl < min Prz.y)~D. . [ fmon(T) # y] + O(e).
( 7y) DDPLIES [g( ) y] - monotone fmon : {_17 1}d {_17 1} ( ’y) Dpalrs [f ( ) y] ( )
(4.7)

The only difference between this setting and the one in Theorem 4 is that here the label y
does not have to be a function of example x; it is possible to receive the same example x
twice accompanied by different labels. Here we argue that Theorem 4 extends directly into
this slightly more general setting. Formally, we show that

Theorem 24. For all sufficiently large integers d the following holds. There is an algorithm

5 ( Vd
that runs in time 20( E ) and given i.i.d. samples of pairs {(x;,y;)} from a distribution D gy,
where the marginal distribution over x is uniform, does the following. With probability at least
1 — 5557 the algorithm outputs a representation of a monotone function g : {£1}" = {£1} of

. o0(4) , :
size 27\ =) that satisfies Equation (4.7).
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4.9.1 Case 1: € Is Very Small

We consider two cases. First, suppose ¢ is so small that the run-time of the algorithm in
Theorem 4 exceeds 2°1%. In this case, the following algorithm runs in time poly(2¢,1/¢) and
outputs an efficiently evaluable succinct representation of a function g for which Equation (4.7)
holds:

1. Draw two sets T} and Ty, each of 100d° - 2¢/? example-label pairs from Dy

2. For each = € {_17 1}d let h(l‘) be |(xi,yi)€T1ls.t.: zi=x| Z(%‘,yi)ETl st w=x Yi-
3. Via a size-2°?) linear program, find the monotone function ¢ : {—1,1}¢ — [~1, 1] that
is closest to h in ¢; distance.

4. Output the function g defined so g(x) := sign(g(z) — t*), where t* is obtained as in
Fact 20 using the samples in 75.

The function g we output above with high probability satisfies Theorem 4 for the following
reason. First of all, via the standard coupon-collector argument with probability at least
1 — 55 for every x € {—1,1}* there will be at least 10?/e? elements in (z;,y;) in T for which
x; = x. Using the Hoeffding bound and the union bound, we see that with probability at
least 1 — 2% we have

h(x> - ]E(mlvy,)NDpairs |:y/ 33/ = x:| S g (48)
Now, from steps (3) and (4) we have
h—
% < Ldist; (h, mono) + e. (4.9)
Therefore, we can combine Equation (4.8) and Equation (4.9) to obtain
p xT,Y)~ irs < . P T, Y)~ irs LJ mon + O )
oDl 9(@) Z YIS W gy D@D e (@) 7 Y]+ OF)
(4.10)

which finishes the proof for this case.

4.9.2 Case 2: € Is Not Too Small

Now, we proceed to the other case when ¢ is not too small and the algorithm in Theorem 4
runs in time at most 2°1¢ (and therefore uses at most 2°1¢ samples). In this case, we claim
that simply running the algorithm in Theorem 4 will give an efficiently evaluable succinct
description of a function g that satisfies the guarantee in Equation (4.7).

We now proceed to show that the guarantee in Equation (4.7) will indeed be achieved.
Define a random function frandom : {—1,1}% — {—1,1}, so for all z € {—1,1}% the value
Jfrandom () is chosen independently such that fiandom () = 1 with probability Pr(y y)~p

pairs [

115

y =1]a' =q]



and frandom(7) = —1 with probability Pr(g yn~p,... [¥' = —1 | ' = x]. Consider the following
two scenarios:

e Scenario I: The samples {(x;,y;)} given to the algorithm from Theorem 4 are indeed
i.i.d. samples coming from Dpais.

e Scenario II: The samples {(x;, y;)} given to the algorithm from Theorem 4 are sampled
as follows: (i) x; are i.i.d. uniform from {—1,1}% (i) ¥; = frandom(T:)-

First we argue that in Scenario II with probability at least 1 — 2% the function g given by the
algorithm from Theorem 4 satisfies Equation (4.7), (here the probability is over the choice of
frandom, choice of the samples, and the randomness of the algorithm itself). Indeed, let f .
be the function that minimizes the right side of Equation (4.7). From the Hoeffding’s bound,
it follows that with probability at least® 1 — 2% over the choice of fiandom it is the case that

Pr  [frndom(®) # fron(®)] = Pr o [fi,.(z) #y]| <e. (4.11)

mN{flvl}d (mv'y)"‘Dpairs

L

Now, Theorem 4 implies that with probability at least 1 — o5

Pr [g(w) 7é frandom(w)] S dist()(frandom’ m0n0)+0(5) S Pr [frtlon(w) 7é frandom(w)]+0(€)'

x~{—1,1}4 z~{-1,1}4

Combining Equations 4.11 and 4.12 we we see that with probability at least 1 — 2%, the
function g given by the algorithm from Theorem 4 satisfies Equation (4.7) in Scenario II.
Finally, we argue that Equation (4.7) will be satisfied also in Scenario I with probability
at least 1 — 20% for sufficiently large d. Conditioned on the absence of sample pairs (x;, y;)
and (x;,y;) with x; = x;, the distributions over samples in Scenario I and Scenario II are the
same, Hence it suffices to argue that the collision probability is low, given that the value of ¢ is
such that the algorithm from Theorem 4 uses at most 2°-'¢ samples. By taking a union bound
over all pairs of samples, we bound the probability of such collision by 2;—501 = 27084 Thuys,
information-theoretically, any algorithm can distinguish between Scenario I and Scenario II
with an advantage of only at most 278, In particular, this is true of the algorithm that
checks whether Equation (4.7) applies. Thus, indeed Equation (4.7) will be satisfied also
in Scenario I with probability at least 1 — 2 — 5357 > 1 — 5557, which finishes the proof of

Theorem 24. a

8Here we used that € > because otherwise ¢ would be too small and we would be in the other

1
Vdpolylogd’
case when the run-time of the algorithm in Theorem 4 exceeds 2°1¢. Also, we note that a much stronger
bound can be deduced from the Hoeffding bound, but we only need a bound of 1 — 2%
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Chapter 5

Local Correction of Discrete Lipschitz
Functions
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In this chapter, we present our local correction algorithms for the discrete Lipschitz
property, along with lower bounds and applications for tolerant testing and private function
evaluation.

5.1 Chapter-Specific Preliminaries

When we discuss the range (or image) of functions, we often refer to its diameter. The
diameter of a closed and bounded S C R is maxyeg(y) — minges(y). Let G = (V, E) be an
undirected graph and let f:V — R.

Next, we define the violation score of a pair of points, and the violation graph of a
function.

Definition 21 (Violated pair, violation score). For x,y € V, let distg(x,y) denote the
shortest path distance from x toy in G. A pair (z,y) of vertices is violated with respect to f
if | f(x) — f(y)| > distg(z,y). The violation score of a pair (x,y) with respect to f, denoted
VSe(x,y), is

VSi(z,y) = 1f(x) = f(y)| — dista(z, y)

if (x,y) is violated and 0 otherwise. We extend these definitions to partialfunctions g : V —
R U {?}, where ? denotes an undefined value, by stipulating that if x ory is in g~ (?) then
(z,y) is not violated.

Definition 22 (Violation Graph). The T-violation graph with respect to f is a directed graph,
denoted By s, with vertex set V and edge set {(x,y) : V.S¢(z,y) > 7 and f(z) < f(y)}.

We specify an LCA for accessing the violation graph. To simplify notation, we assume
that any algorithm used as a subroutine gets access to the inputs of the algorithm which calls
it; only the inputs that change in recursive calls are explicitly passed as parameters.

Algorithm 22 LCA: VIiOL(f(-), T, z)

Input: Adjacency lists access to G = (V, E), lookup access to f : V — [0,7], range
diameter » € R, threshold 7 < r, vertex x € V
Output: Neighbor list of z in B; ¢

1: return {y : distg(z,y) < |f(z) — f(y)| — 7} > Compute by performing a BFS from =

5.2 ¥£1-Respecting Local Lipschitz Filter

The d-dimensional hypergrid of side length n is the undirected graph, denoted H¢, with the
vertex set [n]? and the edge set {(z,y) : |x —y| = 1}.
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Theorem 25. For all v > 0 and 6 € (0,1), there is an {1-respecting local (1 + ~,0)-Lipschitz
filter with blowup 2 over the d-dimensional hypergrid HE. Given lookup access to a function
f ] — [0,7], and a random seed p of length d°) - polylog(nlog(r/v)/6)), the filter
has lookup and time complexity (d" - polylog(n/§))°Us/M) for each query x € [n)%. If f is
Lipschitz, then the filter outputs f(x) for all queries x and random seeds.

We first give a global Lipschitz filter (Algorithm 23) and then show how to simulate it
locally (in Algorithm 24) by using the result of [64] stated in Theorem 8.

5.2.1 Analysis of the Global Filter

Algorithm 23 GLOBALFILTER;
Input: Graph G = (V| E), function f : V — [0,r], range diameter r € R, and
approximation parameter v > 0
Output: (1 + ~)-Lipschitz function g : V' — [0, 7]
1: Let g1 < f
2: for ¢ < 2 to logg»(5) + 1 do > Start at ¢ = 2 for GLOBALFILTER;-LOCALFILTER,
analogy.
Set threshold 7 <— - (2)'~! and move-amount A « £ - ()2
Construct B, 4, , (Definition 22) and compute a maximal matching M, of B, 4, ,
Set g; < g1
for (z,y) € M, do > Recall: f(z) < f(y)
Set gi(z) < gi(z) + A
Set g:(y) = g(y) — A
return g;, where ¢ = logg () + 1

The guarantees of GLOBALFILTER (Algorithm 23) are summarized in the following lemma.

Lemma 5.2.1. For all input graphs G = (V, E), functions f : V — [0,r], and v > 0, if
g 1s the output of GLOBALFILTER,, then g is a (1 + v)-Lipschitz function and ||g — f|1 <

We prove Lemma 5.2.1 via a sequence of claims. Claim 16 makes an important observation
about the violation scores on adjacent edges in the violation graph. Claim 17 argues that the
violation scores decrease after each iteration of the loop. Claim 18 converts the guarantee for
each iteration to the guarantee on the Lipschitz constant for the output function. Finally,
Claim 19 bounds the /¢;-distance between the input and output functions.

Claim 16. If (x,y) and (y,z) are edges in the violation graph By then VS¢(x,z) >
VSi(z,y) +VSi(y, 2).
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Proof. Since (z,y) and (y, z) are edges in the violation graph By ¢, then f(z) < f(y) < f(2).
Therefore,

VSi(x,z) = f(2) — f(x) — distg(z, 2)
> f(z) = fy) + fy) = f(z) = diste(z, y) — dist(y, 2)
=VSy(x,y) + VSi(y, 2),

by the definition of the violation score and the triangle inequality. O]

Next, we abstract out and analyze the change to the function values made in each iteration
of the loop in Algorithm 23.

Claim 17 (Maximum Violation Score Reduction). Let G = (V,E) be a graph and let
g:V —=[0,7] be a function such that V.Sy(z,y) < v for all xz,y € V. Let M be a mazimal
matching in By, /3.4 such that g(x) < g(y) for all (x,y) € M. Obtain h as follows: set h =g
and then, for every edge (v,y) € M, set h(z) < h(z) +v/3 and h(y) < h(y) —v/3. Then
VSh(z,y) <20/3 forall x,y € V.

Proof. Suppose x,y € V, assume w.l.o.g. that g(x) < g(y), and consider the following two
cases. Recall that edges in the violation graph (z,y) are directed from the smaller value x to
the larger value y.

Case 1: (7,y) is an edge in By,3,. By Claim 16, we cannot have vertices a,b,c
such that (a,b) and (b, c) are both in By, /34, since otherwise V.Sy(a,c) would be at least
VSy(a,b) +VS,(b,c) > 2v/3 + 2v/3 > v, contradicting the upper bound of v on violation
scores stated in Claim 17. Thus, in By, /34, each edge incident on x is outgoing and each edge
incident on y is incoming. Consequently, h(x) > g(z) and h(y) < g(y).

Moreover, since (z,y) is in By, /34 and M is a maximal matching, at least one of z,y is
matched in M. W.l.o.g. assume that M contains an edge (x,z). Then h(z) = g(x) 4+ v/3.
Since h(y) < g(y), we have V Sy (z,y) < VS,(z,y) —v/3 <20v/3.

Case 2: (z,y) is not an edge in By, /3,4. Then V.Sy(x,y) < 2v/3. Consider how the values
of z and y change when we go from ¢ to h. Observe that |h(x) — g(z)| is 0 or v/3 for all
x € V. If both values for x and for y stay the same, or move in the same direction (both
increase or both decrease), then V.5, (z,y) = VS,(z,y) < 2v/3. If they move towards each
other, then V.5,,(x,y) < 2v/3, whether h(z) < h(y) or not.

Now consider the case when they move away from each other, that is, h(z) < g(z) and
h(y) > g(y), and at least one of the inequalities is strict. First, suppose both inequalities are
strict. Then there are vertices z,, 2, such that (z,, ), (v, z,) € M. By Claim 16, pair (z,y)
is not violated in ¢ (since otherwise V.S,(z,, z,) would be at least V.S, (z,,z) + V Sy(z,y) +
VS,(y, zy) > 4v/3, contradicting the assumption on violation scores in the claim). Since the
values of the endpoints move by v/3 each, the new violation score V'Sp,(x,y) < 2v/3.

Finally, consider the case when only one of the inequalities is strict. W.l.o.g. suppose
h(y) > ¢(y). Then there is z € V such that (y,z) € M. By Claim 16, the violation
score V' Sy(x,y) < v/3, since otherwise V.Sy(x, z) would be at least V.S, (z,y) + VS,(y, z) >
v/3 + 2v/3 = v, contradicting the assumption on violation scores in the claim. Thus,
VSh(x,y) < VSy(z,y) +v/3 < 20/3, as required. O
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Next, we use Claim 17 to bound the Lipschitz constant of the function output by the
global filter.

Claim 18. For allt > 1, the function g, computed in Algorithm 23 is (1+ r(3)""")-Lipschitz.
In particular, if t* =logg5(r/v) + 1 then g is (14 )-Lipschitz.

Proof. Fix a graph G = (V, E) and a function f : V' — [0,r]. Then VS;(z,y) < r for all
z,y e V.

Forallt > 1, let v, = 7‘(%)“1. Notice that, in Line 24 of Algorithm 23, we set 7 = %Ut_l
and A = g(g)t_2 = %vt,l. To prove the claim, it suffices to show that for all ¢ > 1 and

3
x,y eV,
VSgt(:E,y) S Ut, (51)

since then |g:(x) — g:(y)| < distg(z,y)(1 + v¢). We prove Equation (5.1) by induction on ¢.
In the base case of ¢ = 1, we have VS, (z,y) < r = vy for all z,y € V. Assume
Equation (5.1) holds for some ¢t > 1. Then, instantiating Claim 17 with g = ¢;, h = g;11, and
v =y yields VS, (,y) < 2v/3 = vy forall z,y € V.
In conclusion, since vy = 7, the function g4 is (1 + 7)-Lipschitz. m

Finally, we argue that the /;-distance between the input and the output functions of
Algorithm 23 is small.

Claim 19. Fiz a graph G = (V, E) and a function f:V — [0,7]. Suppose h is the closest
(in C1-distance) Lipschitz function to f. Then for all t > 1, the functions g; computed by
Algorithm 23 satisfy ||geer — hlly < |lge — hlly and [lg: — fll < 26.(f, Lip(G)).

Proof. Fix t > 1. Since g; and g;;1 only differ on the endpoints of the edges in the matching
M1, we restrict our attention to those points. For each edge (z,y) € M1, we will show

|9141(2) = h(@) + |ge1(y) = h(y)| < [gi(x) — h(2)] + [g:(y) — h(y)]- (5-2)

Let 7 = r(3)" and A = £(3)"' = Z. Suppose (z,y) € My1. Recall that this implies
that V.S, (z,y) > 7 = 2A and ¢;/(x) < ¢:(y). By construction, g;11(z) = ¢(z) + A and
g1+1(y) = g:(y) — A. Thus, the violation score of (z,y) decreased by 2A, so (z,y) is still

violated by g;41, i.e.,

ger1(z) +dista(z,y) < gre1(y). (5.3)

Define ®(z) = |giy1(2) — h(z)| — |g:(2) — h(2)| for all z € V. (Intuitively, it captures
how much further from h(z) the value on z moved when we changed ¢; to ¢;y1.) Then
Equation (5.2) is equivalent to ®(z) + ®(y) < 0. If both ®(z) < 0 and ®(y) < 0, then
Equation (5.2) holds. Otherwise, ®(x) > 0 or ®(y) > 0. Suppose w.l.o.g. ®(x) > 0. Since
gi+1(x) = gi(x) + A, we know that ®(x) < A. To demonstrate that Equation (5.2) holds, it
remains to show that ®(y) < —A.
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Since ®(x) > 0, the value h(x) is closer to g:(x) than to g.1(z). Since gi11(z) = gi(x) + A,
it implies that h(z) must be below the midpoint between g;(z) and g;11(z), which is g;1(x) =
A/2. That is,

h(x) < gp1(z) — A/2. (5.4)
We use that h is Lipschitz, then apply Equations (5.4) and (5.3) to obtain
h(y) < h(z) +distg(z,y) < gr1(x) — A/2 +distg(z,y) < gis1(y) — A/2.

Since h(y) < gir1(y) — A/2 and g1 (y) = g:(y) — A, we get that ¢;(y) and g¢11(y) are both
greater than h(y). Thus, |g+1(y) — h(y)| = |g:(y) — h(y)| — A and hence, ®(y) = —A, so
Equation (5.2) holds.

We proved that Equation (5.2) holds for every edge in M, ;. Moreover, for all vertices
z outside of M; 1, we have g:11(2) = g:(2) and, consequently, ®(z) = 0. Summing over
all vertices, we get that ) .., ®(x) < 0. Thus, ||gi1 — R|l1 < ||ge — hfl1. By the triangle
inequality, [|g; — fllv < llge = hlls + 12 = fll < llgr = hlls + [ = hlls = 26.(f, Lip(G)). O

Lemma 5.2.1 follows from Claims 18 and 19.

5.2.2 Analysis of the Local Filter

In this section, we present a local implementation of Algorithm 23 and complete the proof of
Theorem 25. We claim that for each t € [log(r/7v) + 1], Algorithm 24 simulates round ¢ of

Algorithm 23 and, for graphs on N vertices with maximum degree D, has lookup complexity
(D" - polylog(N/§))©loer/7),

Algorithm 24 LCA: LOCALFILTER, (z,t,p1 0 ... © p;)

Input: Adjacency lists access to graph G = (V, E), lookup access to f : V — [0, r], range
diameter r € R, vertex x € V, iteration number ¢, approximation parameter v > 0, and
random seed p = p;0...0p;
Subroutines: GHAMATCH (see Theorem 8) and VIOL (see Algorithm 22)
Output: Query access to (r - (%)t_l)—Lipschitz function g, : V. — [0, 7]
ift=1orr- (%)“1 < v then
return f(x)
Set threshold 7 «— - (2)"" and move amount A < £ - (2)2
Set fi(x) < LOCALFILTER,(z,t — 1, p10...0 p;_1)
Set y <~ GHAMATCH(VIOL(LOCALFILTER, (-, — 1,p10...0p1—1),7,"), T, pt)
if y # 1 then
fi—1(y) + LOCALFILTER, (y,t — 1,p10...0 p;_1)
fi(@) < fi(z) +sign(fi-1(y) — fi(z)) - A

return f;(z)
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Definition 23 (Good seed). Let G = (V, E) be a graph and fiz t > 1. Consider a function
f:V = [0,r]. A string p=pyo..0p isa good seed for G and f if, for all i € [t], the
matching computed by GHAMATCH in LOCALFILTER:(-,i,p; o ... 0 p;) is mazimal.

Claim 20. Fiz a graph G = (V,E), a function f : V — [0,r], and v > 0. Let t* =
logso(1/7v) + 1 and fiz a good seed p = pyo---opp. Let g(x) denote LOCALFILTER(z,t", p)
for all x € V. Then g is a (1 + ~y)-Lipschitz function with range [0,7] and || f — g|l1 <
26,(f, Lip(G)).

Proof. For all t € [t*], let g; be the function computed by GLOBALFILTER, on G, 7, f, and ~y af-
ter iteration ¢ using the matching computed by the call to GHAMATCH in LOCALFILTER, (z, t, p10
...opy). Recall that the matching computed by each call to GHAMATCH in LOCALFILTER(z, ¢, p10
... 0 py) is maximal and therefore can be used as the matching in the iteration ¢ of the loop in
GLOBALFILTER;.

By an inductive argument, LOCALFILTER,(x,t,p; 0 ... 0 p;) = gi(x) for all x € V and
t € [t*]. The base case is LOCALFILTER;(z,1,p;) = f(x) = g1, and every subsequent
g; computed by GLOBALFILTER, is the same as LOCALFILTER, (-, ¢, p; o... 0 p;). Hence,
LOCALFILTER, (z, t*, p) provides query access to ¢g;+. By Lemma 5.2.1, g4 is (14 y)-Lipschitz
and satisfies || g — f|| < 261(f, Lip(G)). O

Lemma 5.2.2. Fiz v > 0 and 0 € (0,1). Let G = (V,E) be a graph with |V| = N and
mazimum degree D. Let f:V — [0,7] and t* = loggs(r/v) + 1. Then, for a random seed
P = p10...0 p, which is a concatenation of t* strings of length D) polylog(Nt*/68) each,
the algorithm LOCALFILTER,(-,t*, p) is an {i-respecting local (1 + ~y, §)-Lipschitz filter with
blowup 2 and lookup and time complexity (D" - polylog(N/§))CUoer/7)

Proof. Since the range of f is at most r, two vertices in a violated pair can be at distance
at most 7 — 1. Hence, the maximum degree of the violation graph B; ; is at most D". By
Theorem 8 instantiated with Dy = D" and §y = %, the failure probability of each call to
GHAMATCH is at most t%. Since there are at most t* calls to GHAMATCH, the probability
that any call fails is at most 6. It follows that a random string p of length specified in the
lemma is a good seed (see Definition 23) with probability at least 1 — d. This allows us
to apply Claim 20, and conclude that LOCALFILTER:(x,t*, p) provides query access to a
(1 + 7)-Lipschitz function and fails with probability at most § over the choice of p.

Let Q(t) be the lookup complexity of LOCALFILTER,(z,t, p1 0 ...0 p;). Then Q(1) =1
and, since the max degree of B ; is D", each lookup made by GHAMATCH to the violation
graph oracle in the (¢ — 1)-st iteration requires at most D"Q(t — 1) lookups to compute. Since
GHAMATCH makes D" polylog(N/5) such lookups, Q(t) < DO polylog(n/§)Q(t — 1).
Thus, the final lookup complexity is Q(t*) < (D" - polylog(N/§))°Uos("/7) . By inspection of
the pseudocode, we see that the running time is polynomial in the number of lookups. [

Proof of Theorem 25. The theorem follows as a special case of Lemma 5.2.2 with G equal
to the hypergrid He. The hypergrid has n? vertices and maximum degree 2d. This gives
lookup and time complexity (d" - polylog(n/§))°Ues/M) If f is Lipschitz, then all violation
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graphs are empty; therefore, any local matching algorithm returns an empty matching (or
can otherwise be amended to do so by checking whether the returned edge is in the graph and
returning L if it is not). Thus, when f is Lipschitz, the returned value is always f(z). O

5.3 ¥£p-Respecting Local Lipschitz Filter

In this section, we present a local Lipschitz filter that respects {y-distance rather than /¢;-
distance. Unlike the /;-respecting filter, the fy-respecting filter outputs a function that is
1-Lipschitz.

Theorem 26. For all 6 € (0,1), there exists an ly-respecting local (1,09)-Lipschitz filter
with blowup 2 over the d-dimensional hypergrid HE. Given lookup access to a function
f:[n]* = [0,7], and a random seed p of length d°) - polylog(n/d)), the filter has lookup
and time complezity d°) - polylog(n/§) for each query x € [n]®. If f is Lipschitz, then
the filter outputs f(x) for all queries x and random seeds. If for all y € [n]¢ we have
|f(x) — f(y)| < |x —y| then the filter outputs f(x).

We give a global view (Algorithm 25) and prove its correctness before presenting a local
implementation (Algorithm 26). We use the convention that max,cs(-) is defined to be zero
when S is the empty set.

5.3.1 Analysis of the Global Filter

Algorithm 25 GLOBALFILTERq
Input: Graph G = (V| E), function f: V — [0, 7]
Output: Lipschitz function g : V- — [0, 7]
Construct By ¢ (see Definition 22) and compute a vertex cover C' of By ¢
Set go + f
for every vertex u € C' do
Set go(u) <~ max(0, max,ev\c(ge(v) — distg(u, v)))
return g¢

Algorithm 25 reassigns the labels on a vertex cover C of the violation graph By . Observe
that the partial function f on the domain V' \ C' is Lipschitz w.r.t. G, because its violation
graph has no edges. We claim that this algorithm extends this partial function to a Lipschitz
function defined on all of G. It is well known that for a function f : X — R with a metric
space domain, if f is Lipschitz on some subset Y C X, then f can be made Lipschitz while
only modifying points in X \ Y. See, for example, [76] and [13]. We include a proof for
completeness.

Claim 21 (Lipschitz extension). Let G = (V, E) be a graph, and f :V — [0,7] a function.
Then, for all vertex covers C' of By, the function gc returned by Algorithm 25 is Lipschitz.
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Proof. Let f : V. — [0,7] U{?} be a partial Lipschitz function and let A; be the set of
points on which f is defined. Fix a vertex x ¢ Ay and obtain the function g as follows: Set
9(y) = f(y) for all y € Ay. Set g(x) = maxyea,(f(v) — dista(x,v))). Note that in the case
where Ay is empty, the function f is nowhere defined, and hence setting g(z) = 0 will always
result in a Lipschitz function. Thus, assume w.l.o.g. that A; is not empty.

We will first argue that g is Lipschitz. Let v* = argmax,ea,(f(v) — distg(z,v)), i.e., a
vertex such that g(z) = f(v*) — distg(z, v*). Then, for all v € Ay,

g(x) —g(v) = f(v") —distg(x,v*) — f(v) < distg(v,v") — distg(z,v") < distg(z,v).

Similarly, g(v) — g(x) < f(v) + distg(z,v) — f(v) = distg(x,v), so g is Lipschitz. Notice that
if ¢ is a Lipschitz function, then max(0, g) is also a Lipschitz function (truncating negative
values can only decrease the distance between g(x) and g(y) for all pairs z,y in the domain).
Thus, setting g(r) = max(0, maxyea,(f(v) — distg(z,v))) will also yield a Lipschitz function.

Next, we argue that the order of assignment does not affect the extension. Let A, be
set of points on which g is defined and note that A, = Ay U {z}. We will show that for all
z ¢ A, we have

max((),{)rel%);(f(v) — distg(z,v))) = max(0, iré%((g(v) — distg(z,v))).

Let f(2) = max(0, max,e,(f(v)—distg(z,v))) and g(z) = max (0, max,ea, (g(v)—dista(z,v))).
Then, since A, = Ay U {z}, we obtain g(z) = max(f(2),g(x) — distg(z,2)). If g(x) =0
then f(z) = g¢(z) since by definition f(z) > 0. On the other hand, if g(z) > 0 then
g(x) = f(v*) — distg(z,v*) and hence,

f(z) > f(v*) —distg(v*, 2) > (f(v*) — distg(x, v")) — distg(z, 2)
= g(x) — distg(z, 2),

which implies f(z) = g(z). To complete the proof of Claim 21, Let f : V' — [0, r] be a function
with violation graph By ;. Notice that if C'is a vertex cover of By ¢ then f: V \ C — [0, 7]
is Lipschitz, and thus, setting f(z) =7 for all z € C' and applying the extension procedure
inductively, we see that gc is a Lipschitz function. O

The following claim relates the distance to Lipschitzness to the vertex cover of the
underlying graph. This relationship is standard for the Lipschitz and related properties, such
as monotonicity over general partially ordered sets |61, Corollary 2|. See [32, Theorem 5| for
the statement and proof for the special case of hypergrid domains. The arguments in these
papers extend immediately to the setting of general domains.

Claim 22 (Distance to Lipschitz). For all graphs G = (V, E) on n vertices and functions
f V. = R, the size of the minimum vertex cover of the violation graph By s is exactly

n - Lo(f, Lip(G)).
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Proof of Claim 22. Let C' be any minimum vertex cover of By . We first argue that n -
Uo(f, Lip(G)) < |C|. If g is a partial function that is equal to ? on vertices in C' and equals
f elsewhere, then ¢ is Lipschitz outside of C'. Then, by Claim 21 with C' as the cover in
Algorithm 25, there exist values y1, . .., yjc| such that setting g(x;) = y; for each z; € C yields
a Lipschitz function. It follows that n - ¢y(f, Lip(G)) < |C].
Next, using the function g defined in the previous paragraph, suppose the set P = {x :

g(x) # ( )} is not a vertex cover for By ;. Then, there exists some edge (x,y) in By such
that f(z) = g(z) and f(y) = g(y) (i.e. z,y & P) But by definition of By, this implies
that |g(x) — g(y)| > distg(z, y) which contradicts the fact that g is Lipschitz. It follows that
n-b(f, Lip(G)) = |C]. O

5.3.2 Analysis of the Local Filter

Using Algorithm 22 and GHAMATCH from Theorem 8, we construct Algorithm 26, an LCA
which provides query access to a Lipschitz function close to the input function. It is analyzed
in Lemma 5.3.1.

Algorithm 26 LCA: LOCALFILTER(z, p)

Input: Adjacency lists access to graph G = (V, E), lookup access to f : V — [0, r], range
diameter r € R, vertex x € V', random seed p
Subroutines: GHAMATCH (see Theorem 8) and VIOL (see Algorithm 22).
Output: Query access to Lipschitz function g : V' — [0, r].
if GHAMATCH(VIOL(f,0,-),z,p) = L then
return f(x)
else
S < {y : distg(z,y) < r and GHAMATCH(VIOL(f,0,-),y,p) = L}
return max(0, max,es(f(y) — distg(z,9)))

Lemma 5.3.1 (LOCALFILTERy). Fiz 6 € (0,1). Let G = (V, E) be a graph with N vertices
and mazximum degree D. Then, for a random seed p of length DO - polylog(N/§), the
algorithm LOCALFILTERy(z, p) (Algorithm 26) is an lo-respecting local (1,0)-Lipschitz filter
with blowup 2 and lookup and time complexity D) - polylog(N/6).

Proof. Since the range of f is bounded by r, a pair of violated vertices z,y must have
distg(x,y) < r, and thus, the maximum degree of By is at most D". By Theorem 8
instantiated with Dy = D" and ¢y = 9, the algorithm GHAMATCH has lookup and time
complexity D" - polylog(N/5) per query, and fails to provide query access to a maximal
matching with probability at most ¢ over the choice of p. Since LOCALFILTER, makes at
most D" queries to GHAMATCH and only fails when GHAMATCH fails, LOCALFILTER( has
lookup and time complexity D™ - polylog(N/§) and failure probability at most 6. Let p be
a seed for which GHAMATCH does not fail, and let C' be the set of vertices that are matched
by GHAMATCH when given adjacency lists access to By ;. Since the matching is maximal, C
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is a 2-approximate vertex cover of By . Hence, we can run GLOBALFILTER, (Algorithm 25)
and use C as the vertex cover. Since LOCALFILTERy and GLOBALFILTER( apply the same
procedure to every vertex in V', and since C' has at most twice as many vertices as a minimum
vertex cover, Claims 21 and 22 imply that LOCALFILTER( provides query access to some
Lipschitz function g satisfying || f — gllo = |C| < 26y(f, Lip(G)). O

Proof of Theorem 26. This is an application of Lemma 5.3.1 to the d-dimensional hypergrid
He. The hypergrid has n¢ vertices and a maximum degree of 2d, therefore, the lookup and
time complexity are d°) - polylog(n?/§) = d°) - polylog(n/§). Similarly, the length of the
random seed is also d°) - polylog(n/§). If f is Lipschitz, then all violation graphs are empty;
therefore, any local matching algorithm returns an empty matching (or can otherwise be
amended to do so by checking whether the returned edge is in the graph and returning L if
it is not). Thus, when f is Lipschitz, the returned value is always f(z).

If for all y € [n]? we have |f(z) — f(y)| < |z — y| then no edges in the violation graph are
incident on x. Therefore, every local matching algorithm returns a matching that does not
contain x, or can otherwise be amended to do so by checking whether the returned edge is in
the graph and returning L if it is not. Hence, the returned value is always f(x). O

5.4 Lower Bounds

In this section, we prove our lower bound for local filters, stated in Section 1.5. We start
with a more detailed statement of the lower bound.

Theorem 27 (Local Lipschitz filter lower bound). For all local (1, })-Lipschitz filters A
over the hypercube He, for all even r > 4 and integer d > 27, there exists a function
f:{0,1}* = [0,7] for which the lookup complezity of A is (£)").

Note that the same bound on lookup complexity applies to local (1 + 5=, 1)-Lipschitz
filters over H?. This can be seen by observing the Lipschitz constant in the hard distributions
constructed in the proof of the theorem (in Definition 25). Our proof is via a reduction
from distribution-free testing. In Section 5.4.1, we state our lower bound on distribution-free
testing of Lipschitz functions and use it to derive the lower bound on local Lipschitz filters

stated in Theorem 27. In Section 5.4.2, we prove our lower bound for distribution-free testing.

5.4.1 Testing Definitions and the Lower Bound for Local Lipschitz
Filters

We start by defining distribution-free testing of the Lipschitz property.

Definition 24 (Distribution-free Lipschitz testing). Fiz ¢ € (0,1/2] and r € R. A
distribution-free Lipschitz e-tester T is an algorithm that gets query access to the input
function f:{0,1}% — [0,r] and sample access to the input distribution D over {0,1}2. If f
is Lipschitz, then T (f, D) accepts with probability at least 2/3, and if by p(f, Lip(H?)) > ¢,
then it rejects with probability at least 2/3.
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We give a sample and query lower bound for this task.

Theorem 28 (Distribution-free testing lower bound). Let T be a distribution-free Lipschitz
%-tester. Then, for all sufficiently large d € N and even integers 4 < r < 27184, there exists
a function f : {0,1}¢ — [0,7] and a distribution D, such that T(f, D) either has sample
complezity 29 or query complexity (g)Q(”).

Before proving Theorem 28, we use it to prove the lower bound on the lookup complexity
of local Lipschitz filters, stated in Theorem 27. Recall that it says that every local (1, i)—

Lipschitz filter over the hypercube H? w.r.t. {y-distance has worst-case lookup complexity
()70,

Proof of Theorem 27. Let A be a local (1, )-Lipschitz filter for functions f : {0,1}* — [0, 7]
over the hypercube H?. Then, given an instance (f, D) of the distribution-free Lipschitz
testing problem with proximity parameter €, we can run the following algorithm, denoted

T(f. D):
1. Sample a set S of 3/e points from D.
2. If A(z,p) # f(x) for some x € S then reject; otherwise, accept.

If f is Lipschitz then, with probability at least 3/4 > 2/3, we have A(x, p) = f(z) for
all z € S and, consequently, 7 (f, D) accepts. Now suppose f is e-far from Lipschitz with
respect to D. Then A fails with probability at most 1/4. With the remaining probability,
it provides query access to some Lipschitz function g,. This function disagrees with f on a
point sampled from D with probability at least €. In this case, T incorrectly accepts with
probability at most (1 — £)*¢ < e™3. By a union bound, 7 fails or accepts with probability
at most }L +e3 < % Therefore, T satisfies Definition 24. By Theorem 28, T needs at least
(9)2") queries, so A must make at least (£)%(") lookups. O

5.4.2 Distribution-Free Testing Lower Bound

We prove Theorem 28 by constructing two distributions, Dy and Dy, on pairs (f, D) and
then applying Yao’s Minimax Principle [112]. We show that Dy has most of its probability
mass on positive instances and D; has most of its mass on negative instances of distribution-
free Lipschitz testing. The crux of the proof of Theorem 28 is demonstrating that every
deterministic (potentially adaptive) tester with insufficient sample and query complexity
distinguishes Dy and D; only with small probability.

We start by defining our hard distributions. In both distributions, D is uniform over a
large set of points, called anchor points, partitioned into sets A and A’, both of size 2%/64.
We treat A (and A’), both as a set and as an ordered sequence indexed by i € [24/54]. Points
in A and A’ with the same index are paired up; specifically, the pairs are (A[i], A'[i]) for all
i € [2%/%4]. For every point in z € {0,1}¢ and radius ¢ > 0, let BALL;(z) denote the open
ball centered at z, that is, the set {y € {0,1}¢ : |z — y| < t}. For each point = € A, the
function value of every point y € BALL%([E) is equal to the distance from z to y. For each

128



point x € A’, the function value of every point y € BALLg(x) is equal to » minus the distance
from x to y where r is the desired image diameter of the functions. The points in A" are
chosen so that every pair (A[i], A'[i]) satisfies the Lipschitz condition with equality in Dy and
violates the Lipschitz condition in D;.

Definition 25 (Hard Distributions). Fiz sufficiently large d € N and 4 < r < 271%d. For all
b€ {0,1}, let Dy be the distribution given by the following sampling procedure:

1. Sample a list A of 2%/%* elements in {0,1}? independently and uniformly at random.

2. Sample a list A’ of the same length as A as follows. For each i € [2%/%4], pick the
element A'[i] uniformly and independently from {y € {0,1}: |A[i] —y| =r —b}. The
elements of AU A’ are called anchor points. Additionally, for each i € [2%/%1], we call
Ali] and A'[i] corresponding anchor points.

3. Define f:{0,1}4 — [0,7] by

|z — Al if © € BALLz (A[i]) for some i € [29/64];
fl@)=Sr—|z— AT else if v € BALLL (A'i]) for some i € [24/54];
r/2 otherwise.

4. Output (f,U), where U is the uniform distribution over AU A'.

Next, we define a bad event B that occurs with small probability and analyze the distance
to Lipschitzness of functions arising in the support of distributions D,, conditioned on B.
For a distribution D and an event F, let D|g denote the conditional distribution of a sample
from D given E.

Lemma 5.4.1 (Distance to Lipschitzness). Let By be the event that |Ali] — A[j]| < d/4 for
some distinct i,5 € [2%/%]. Then

1. Prp,[Bo) < 27932 for all b € {0, 1}.
2. If (f,U) ~ Dy|g; then f is Lipschitz, and if (f,U) ~ Dilg; then by (f, Lip(H?)) > 3.

Proof. To prove Item 1, choose x,y € {0,1}¢ by setting each coordinate to one independently
with probability p = 3. Let p = E,,[d(z,y)] = 2dp(1 — p) = £. By Chernoff bound,
Pr,,[d(z,y) < & < e™5 < 27416 There are at most 2%/32 pairs of points in A. By a
union bound over all such pairs, Pr[By] < 27%16.24/32 = 2-4/32 Tq prove Item 2, recall
that r < 2716d. Suppose that By did not occur. If b = 0 then f is Lipschitz because balls
BALL: () are disjoint for all anchor points . When b = 1, every pair (A[i], A'[i]) violates

the Lipschitz condition, so f is 1/2-far from Lipschitz w.r.t. U. O]
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Indistinguishability of the Hard Distributions by a Deterministic Algorithm

Fix a deterministic distribution-free Lipschitz %—tester T that gets access to input (f,U),
takes s = é - 24/128 samples from U and makes ¢ queries to f. Since the samples from U are
independent (and, in particular, do not depend on query answers), we assume w.l.o.g. that
T receives all samples from U prior to making its queries. One of the challenges in proving
that the distributions Dy and D, are hard to distinguish for 7 is dealing with adaptivity.
We overcome this challenge by showing that 7 can be simulated by a nonadaptive algorithm
Tna that is provided with extra information. In addition to its samples: 7T,, gets at least one
point from each pair (A[i], A’[i]), as well as function values on these points. Next, we define
the extended sample given to 7,, and the associated event B; that indicates that the sample
is bad. We analyze the probability of B; immediately after the definition.

Definition 26 (Sample set, extended sample, bad sample event By). Fiz b € {0,1} and
sample (f,U) ~ Dy. Let S denote the sample set of & - 29/ points obtained i.i.d. from U by
the tester T. The extended sample S* is the set SU{A[i] :i € YN A[i] & SAA'[i] ¢ S}.
Let S~ denote the set (AU A’)\ St. A set ST is good if all distinct x,y € ST satisfy
|z —y| > d/5 and bad otherwise. Define By as the event that ST is bad.

Lemma 5.4.2 (B; bound). Fiz b € {0,1}. Then Prp, s[B1] < 55.
Proof. Recall the bad event By from Lemma 5.4.1. By the law of total probability,

PrDb,S[BI] = PI'Db75[B1|B0] . PI‘Db [B()] + PrDb,S[B1|BO] . PI‘Db [Bo] S PI'Db [Bo] + PrDb,S[BllBO]-
(5.5)

To bound Prp, s[B1|By], observe that if By did not occur, then all pairs (x,y) of anchor
points, except for the corresponding pairs, satisfy |z — y| > f‘f —2r > g because r < d - 2716,
In particular, it means that all anchor points are distinct. Now, condition on By. Then
event B can occur only if both A[i] and A'[i] for some i € [2%/%] appear in the extended
sample ST. By Definition 26, this is equivalent to the event that both A[i] and A’[i] for some
i € [2%/%4] appear in S. Each pair of samples in S is a pair of corresponding anchor points
with probability at most 27%/%*. By a union bound over the at most 2 - 2%/64 pairs of samples
taken for S, the probability that Ali], A'[i] € S for some i is at most g - 24/64. 274/64 = L
Hence, PrDb’S[Bl|FO] < 6—14. The lemma follows from Equation (5.5) and Lemma 5.4.1. [

The Simulator

One of the key ideas in the analysis is that our hard distributions, and the sampling done by
the tester, can be simulated by first obtaining the set S using steps which are identical for
b =0 and b = 1, and only then selecting points in S~ to obtain the full description of the
function f and the distribution U. Next, we state the simulation procedure. Note that the
first 3 steps of the procedure do not use bit b, that is, are the same for simulating Dy and D;.

Definition 27 (Simulator). Fiz b € {0,1}. Let D, be the distribution given by the following
procedure:
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1. Sample a list ST of 2%/%% elements in {0,1}? independently and uniformly at random.

2. For each i € [2%/%%], do the following: if i < % -24/'28 then assign S*[i] to either A[i] or
A'[i] uniformly and independently at random; if i > & - 24/'%8 then assign S*[i] to Ali].

3. Proceed as in Step 3 of the procedure in Definition 25 to set f(x) for all x € ST.

4. For each i € [2%/%4], pick the element S~[i] uniformly and independently from {y €
{0,1}: |ST[i] — y| = r — b}. Assign it to A'[i] if ST[i] was assigned to Ali] and vice
versa.

5. Proceed as in Step 3 of the procedure in Definition 25 to set f(z) for all x ¢ ST and
output (f, U, ST), where U is the uniform distribution over AU A’.

Observation 29 states that, conditioned on By, the simulator produces identical distribu-
tions on the extended sample ST and function values f(x) on points x € ST, regardless of
whether it is run with b = 0 or b = 1. Moreover, conditioned on By, it faithfully simulates
sampling (f,U) from D, and S from U, and then extending S to ST according to the
procedure described in Definition 26.

Observation 29 (Simulator facts). Let (f;, Uy, S;") ~ Db|371 for each b € {0,1}. Let f(S™)
denote function f restricted to the set ST. Then the distribution of (S;, f(Sg)) is identical
to the distribution of (S, f(S7)).

Now fix b € {0,1}. Sample (f,U) ~ Dy|g; and S ~ U. Then the distribution of (f,U, S*)
is identical to the distribution of (fy, Uy, S ).

Proof. Since the first 3 steps in Definition 27 do not depend on b, the distribution of
(S, f(Sy)) is the same as the distribution of (S5, £(S;)). Now, fix b € {0,1}. Notice that
in the procedure for sampling from D, (Definition 25), for all i € [29/%4] the anchor point A[i]
is a uniformly random point in {0, 1}%, and the anchor point A’[i] is sampled uniformly from
{y : |y — Ali]| = r — b}. By the symmetry of the hypercube, the marginal distribution of A’[i]
is uniform over {0,1}%. Hence, sampling A’[i] uniformly at random from {0, 1} and then
Alt] uniformly at random from {y : |y — A'[i]| = r — b} yields the same distribution. Thus,
the distribution of anchor points is the same under D, as under Dj, for each b € {0,1}. Now,
conditioned on By, the set St contains exactly one anchor point from each corresponding pair.
By the preceding remarks, we can assume the anchor point in S™ was sampled uniformly at
random from {0, 1}¢, and the corresponding anchor point was sampled uniformly from the
set of points at distance r — b. Thus, conditioned on By, the distribution over St and S~
is the same as the distribution over S;" and S; . Since (U, f) and (U, f) are (respectively),
uniquely determined by (ST, S7) and (S;, S, ), the distribution of (U, f, ST) is the same as
the distribution of (U, fi, S ). O

The Bad Query Event and the Proof that Adaptivity Does Not Help

Observation 29 assures us that distributions of {(x, f(z)) : ¥ € ST} are the same (conditioned
on Bi) for both hard distributions. The function values f(y) for y € (J,cg+ BALLz (2) are
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determined by {(z, f(x)) : # € ST}. Moreover, the function values f(y) are set to r/2 for all
Y ¢ U,e(s+us—) BALLz (). So, intuitively, the tester can distinguish the distributions only
if it queries a point in BALLz (z) for some x € S™. Our last bad event, introduced next,
captures this possibility.

Definition 28 (Revealing point, bad query event By). Fizb € {0,1} and sample (f,U) ~ D
A point x is revealing if v € BALL%(y) for some y € S™. Let By be the event that T queries
a revealing point.

To bound the probability of By, we first introduce the nonadaptive tester 7,, that
simulates T to decide on all of its queries. Tester 7,, gets query access to a function f
sampled from Dy, a sample S ~ U and {(z, f(z)) : € ST}. Subsequently, in Claim 23, we
argue that if 7 queries a revealing point then 7,, queries such a point as well. This implies
that Prp, s[Br] < Prp, s[Br7,,], where Br,, is defined analogously to By, but for the tester
Tna- Finally, in Lemma 5.4.3, we upper bound the probability of By, by first arguing that,
conditioned on By, the probability that 7,, queries a revealing point is small. Combining
this fact with the bound on B yields an upper bound on By, and, consequently, Br.

Definition 29 (7,,). Let T, be a nonadaptive deterministic algorithm that gets query access
to f sampled from Dy, sets S ~ U and {(x, f(x)) : x € ST}, and selects its queries by
simulating T as follows:

1. Provide S as the sample and answer each query x € {0,1}¢ with g(z) defined by

|z — 9| if x € BALLz (y) for some y € S* satisfying f(y) = 0;
g(z) = qr—|z—y| elseifr € BALL:(y) for some y € ST satisfying f(y) = r;
r/2 otherwise.
2. Let x4, ...,z4 be the queries made by T in the simulation. Query f on 1,...,x,.

Claim 23 (Adaptivity does not help). If T queries a revealing point then T,, queries a
revealing point.

Proof. Let x4,...,x, be the queries made by 7 and vy, ...,y, be the queries made by 7.
Since 7 is deterministic and the sample set S is the same in both 7,, and in 7, we have
x1 = y1. Assume T queries a revealing point. Let m € [g] be the smallest index such that
T, is revealing. By definition of g and revealing point, g(x;) = f(z;) for all i € [m — 1].
Consequently, y,, = x,, and 7,, queries a revealing point. O

Lemma 5.4.3 (Br bound). Fiz b € {0,1}. There ezists a constant o > 0 such that, for all
sufficiently large d, if T makes ¢ = 2°71°8(/") queries then Prp, s[Br] < %.

Proof. By Claim 23, Prp, s[Br| < Prp,s[B7,,]. Applying the law of total probability
we obtain the inequality Prp, s(B7,,] < Prp, s[B7,,|B1] + Prp, s[Bi]. Next, we compute

Prp, s[B7,,|B1], which is equal to Prp [Br,,|B1], since by Observation 29, the simulator

132



faithfully simulates sampling (f,U) ~ Dy and then obtaining S ~ U, conditioned on B;. By
the principle of deferred decisions, we can stop the simulator after Step 3, then consider
queries from 7,,, and only then run the rest of the simulator. Since 7,, is a nonadaptive
g-query algorithm, it is determined by the collection (xy,...,x,) of query points that it
chooses as a function of its input (sets S and {(z, f(x)) : © € ST}). We will argue that
the probability (over the randomness of the simulator) that the set {z1,...,2,} contains a
revealing point (i.e., a point on which f and ¢ disagree) is small. Consider some query x
made by Tnq. By Definition 28, a point x is revealing if 2 € BALLy (S™[i]) for some i € [24/64].
Recall that each S™[i] satisfies |ST[i] — S™[i]| = r — b, and thus each revealing point is in
BALL3, o(S*[i]) for some i € [24/4]. All such balls around anchor points in S* are disjoint,
because r < 2710 . d and we are conditioning on B; (the event that all pairs of points in S*
are at distance greater than d/5).

Suppose x € BALLg,/o(S*[i]) for some i € [2¢/64]. (If not, x cannot be a revealing
point.) For x to be revealing, it must be in BALLz (S™[i]) or equivalently, S~[i] must be in
BALL: (). The simulator chooses S~[i] uniformly and independently from {y € {0,1} :
|ST[i] —y| = r — b}. The number of points at distance r — b > r — 1 from ST[i] is at least
( ¢ ) > (?)7"_1 > (%)3” 4 where the last inequality holds because 7 > 4. Out of these choices,

r—b
only those that are in BALL: (z) will make z a revealing point. The number of points in

BALLz (z) is z:ﬁ) (‘j) < r(T72) < r(2eyr/2 Then

_ r/2 3r/4 r/4 ” -
Prp, [x is revealing | By] < 7“(2;&) (2) < r(2e)"/? (2) = 2log(r)+3 log(2e)—F log(d/r)
T
< 22r7§log(d/r) < 27§10g(d/r) < i . Zfarlog(d/r)
- - 30 ’

where the first inequality in the second line holds because » > 4, the next inequality holds

since r < 27164 and, for the last inequality, we set a = 3% and use both bounds on r. By a
union bound over the g = 277 °8(/") queries, Prp, s[Br7,,|Bi] = Prp, [B7,,|Bi] < 5. Using

the bound from Lemma 5.4.2 on the probability of B;, we obtain

PI‘DbaS[Bna] S PrDb7S[B7;La|B1] + PrDb,S[Bl] S %7

completing the proof of Lemma 5.4.2. O]

Proof of Distribution-Free Testing Lower Bound

Before proving Theorem 28, we argue that conditioned on B; U By, the distribution of
samples and query answers seen by 7T is the same whether (f,U) ~ Dy or (f,U) ~ D;.

Definition 30 (D-view). For all distributions D over instances of distribution-free testing,
and all t-sample, q-query deterministic algorithms, let D-view be the distribution over samples
S1,...,S and query answers ay, . .., a, seen by the algorithm on input (f,U) when (f,U) ~ D.

Lemma 5.4.4 (Equal conditional distributions). Dy-view|g g = D1-view|g g,
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Proof. Conditioned on B; and By, every query answer f(z) given to 7 is determined by the
function ¢ in Definition 29. In particular, every query answer is a deterministic function
of the points in ST, the restricted function f(S™), and (possibly) previous query answers.
By Observation 29, the distribution of (S*, f(S*)) is the same under both Dy|5- and D, |5
Hence, the distribution of query answers f(z1), ..., f(z,) is identical. The lemma follows. [

Next, we recall some standard definitions and facts that are useful for proving query lower
bounds.

Definition 31 (Notation for statistical distance). For two distributions Dy and Dy and a
constant 9, let D1 =5 Dy denote that the statistical distance between Dy and Do is at most d.

Fact 21 (Claim 4 [100]). Let E be an event that happens with probability at least 1 — § under
the distribution D and let B denote the conditional distribution D|g. Then B ~g D where
& =15 —1.

1-3

We use the version of Yao’s principle with two distributions from [100].

Fact 22 (Claim 5 [100]). To prove a lower bound q on the worst-case query complezity of a
randomized property testing algorithm, it is enough to give two distributions on inputs: P
on positive instances, and N on negative instances, such that P-view ~5 N -view for some
§< i

3

We now complete the proof of Theorem 28, the main theorem on distribution-free testing.

Proof of Theorem 28. We apply Fact 22 (Yao’s principle) with P = Dy|g- and N = D15
By Lemma 5.4.1, Dy|g; is over positive instances and D |5 is over negative instances of
distribution-free Lipschitz }-testing. Let dy = Pr[By] and &, = Pr[B; U Br]. Set &) = ﬁ —1
and 0] = 1—_151 — 1. By Fact 21, we have the following chain of equivalences:

Dy-view|g; ~g Do-view =5 Do-view|g o = Di-view|gog; ~5 Di-view x5 Dy-view|s,

where the equality follows from Lemma 5.4.4. By Lemmas 5.4.1, 5.4.2 and 5.4.3 (that upper
bound the probabilities of bad events), for sufficiently large d, we have ¢ < 2%, and 0] < %.
Hence, 2(d,+07) < 3. Theorem 28 now follows from Yao’s principle (as stated in Fact 22). [

5.5 Application to Differential Privacy

In this section, we show how to use a local Lipschitz filter for bounded-range functions
to construct a mechanism (Theorem 30) for privately releasing outputs of bounded-range
functions even when the client is malicious (i.e., lies about the range or Lipschitz constant
of the function). Then, we show how the mechanism can be extended to privately release
outputs of unbounded-range functions (Theorem 31).
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5.5.1 Preliminaries on Differentially Private Mechanisms

We start by defining the Laplace mechanism, used in the proofs of Theorems 30 and 31.
It is based on the Laplace distribution, denoted Laplace()), that has probability density
function f(z) = gre~*I/*. We use abbreviation (g,§)-DP for “(e, §)-differentially private” (see
Definition 1).

Lemma 5.5.1 (Laplace Mechanism [56]). Fiz ¢ > 0 and ¢ > 1. Let f : [n]¢ = R be a
c-Lipschitz function. Then the mechanism that gets a query x € [n]? as input, samples
N ~ Laplace(£), and outputs L(xz) = f(x) + N, is (¢,0)-DP. Furthermore, for all o € (0,1),
the mechanism satisfies |L(x) — f(x)] < €4 In+ with probability at least 1 — ov.

In addition to the Laplace mechanism (Lemma 5.5.1), the proof of Theorem 31 uses the
following well known facts about differentially private algorithms. These can be found in [41].

Fact 23 (Composition). Fiz 1,69 > 0 and 61,02 € (0,1). Suppose My and My are
(respectively) (e1,01)-DP and (g9,02)-DP. Then, the mechanism that, on input x, outputs
(Ml(f), MQ(JT)) 18 (51 + &9, 51 + 52)-DP

Fact 24 (Post-processing). Fiz e >0 and § € (0,1). Suppose M : D — R is an (¢,0)-DP
mechanism. If A is an algorithm with input space R then the algorithm given by Ao M is
(e,6)-DP.

Fact 25. If X ~ Laplace(\) then Pr[|X| > tA] < e~ for allt > 0.

In particular, if A = ©&” and ¢ = log(200logr) then Pr[|X| > Log(r) 1og§2001ogr)] < 200%0gr.

5.5.2 Mechanism for Bounded-Range Functions

The filter mechanism can be instantiated with either one of our filters (from Theorem 25 or
from Theorem 26), providing slightly different accuracy guarantees. In Theorem 30, we state
the guarantees for the mechanism based on the [;-respecting filter. Next, we establish the
terminology used in the theorem. Recall that BALLg(z) denotes the set {y : |z — y| < R}.
We say a vertex x € {0,1}% is dangerous w.r.t. f if there exists a vertex y € {0,1}¢ such
that |f(x) — f(y)| > distg(x,y). A client that submits a Lipschitz function is called honest; a
client that submits a non-Lipschitz function that is close to Lipschitz is called clumsy (the
distance measure could be ¢; or ¢y, depending on the filter used). Finally, we assume that
sampling from the Laplace distribution requires unit time.

Theorem 30 (Filter mechanism). For all ¢ > 0 and § € (0,1), there exists an (e,0)-
differentially private mechanism M that, given a query x € [n]?, lookup access to a function
f [ = [0,7], and range diameter r € R, outputs a value h(z) € R, and has the following
properties.

e Efficiency: The lookup and time complexity of M are (d" - polylog(n/§))°Uos™).
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e Accuracy for an honest client: If f is Lipschitz then for all x € [n]? we have
h(z) ~ f(x)+ Laplace(%).

e Accuracy for a clumsy client: For all x € [n]? such that BALL, 1og, ,(r) (¢) does
not contain any dangerous vertices, the “accuracy for an honest client” guarantee holds.
Moreover, with probability at least 1—20, the mechanism satisfies .. ja(|h(2) — f(2)]] <
20:(f, Lip(Hy)) + O(2).

We stress that the differential privacy guarantee in Theorem 30 holds whether or not the
client is honest.

Proof of Theorem 30. Fix e > 0 and ¢ € (0,1). Let A denote LOCALFILTER; (Algorithm 24)
run with iteration parameter ¢ = logy 5(r/2) + 1. Recall that by Theorem 25 instantiated
with v = 1 and failure probability d, the algorithm A is an ¢;-respecting local (2, 0)-Lipschitz
filter with blowup 2 over the d-dimensional hypergrid H%. The “efficiency” and “accuracy for
honest client” guarantees hold for any local Lipschitz filter of the type stated in Theorem 25.
However, the first guarantee of “accuracy for a clumsy client” requires properties specific to
the construction of LOCALFITLER;.

Let M be the following mechanism: Sample a random seed p of length specified in
Theorem 25, run A(x, p) to obtain g,(x), sample N ~ Laplace(%), and output g,(x) + N.

First, we prove that M is (e, d)-differentially private. If the function g, is 2-Lipschitz,
then, by Lemma 5.5.1 instantiated with ¢ = 2 and privacy parameter ¢, the mechanism M is
(¢,0)-DP. Conditioned on the event that g, is 2-Lipschitz, we obtain that for all measurable
sets Y C R,

Pr[M(z, p) € Y | g, is 2-Lipschitz] < e PriM(a’, p) € Y | g, is 2-Lipschitz].

By Theorem 25, A fails to output a 2-Lipschitz function with probability at most §. By the
law of total probability,

PrM(z,p) € Y] < e Pr[M(a’,p) € Y | g, is 2-Lipschitz] Pr[g, is 2-Lipschitz] + §
< ef PrM(a',p) € Y]+ 6.

The efficiency guarantee follows directly from Theorem 25. The accuracy guarantee for an
honest client holds since Theorem 25 guarantees that if f is Lipschitz, then A(z, p) = f(z)
for all x and p. The average accuracy guarantee for the clumsy client follows from the
{1-respecting, 2-blowup guarantee of Theorem 25 and the fact that E[[Laplace(2)|] < O(2).
To demonstrate that the stronger accuracy guarantee holds when no dangerous vertices are
in BALL 1og, , (1) (z), we make the following observation: if no vertex y € BALL, o, 1a(r) (x) is
dangerous, then A(z, p) = f(z). We prove this claim as follows. Recall that ¢t = logg »(r/2)+1
and, for each i € [t], let A(x,1,p) denote the output after iteration ¢ of Algorithm 24. By
construction, A(z,1,p) = f(z). Suppose no vertex y € BALL,;_1)(z) is dangerous. Then,
since the range of f is [0, 7], every dangerous vertex v can, in a single iteration, only create
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new dangerous vertices in BALL,(v). Thus, in ¢t — 1 iterations, no dangerous vertices can be
introduced in BALL,(x). Since A(z, 1, p) = f(z), and in every subsequent iteration 1 < i <,
no dangerous vertices are in BALL,;_1)(z), we obtain A(z,t, p) = A(z,1, p) = f(z) for each
i € [t]. Thus, if no dangerous vertex is in BALL; 1o, () () then A(z, p) = f(z), and hence,
the “accuracy for an honest client” guarantee holds. O]

5.5.3 Mechanism for Unbounded Range Functions

In this section, we use the mechanism for bounded-range functions to construct a mechanism
for arbitrary-range functions.

Theorem 31 (Binary search filter mechanism). For all e > 0 and § € (0, 555), there exists
an (g,0)-differentially private mechanism M that, given a query x € [n]?, lookup access to a
function f : [n]? — [0,00) and an optional range parameter r € R, outputs value h(z) € R
and has the following properties.

Let k = logmin(r,nd), where the optional parameter r is set to oo by default.

e Efficiency: The lookup and time complexity of M are dO(zrlogr) polylog(%).

e Accuracy for an honest client: If f is Lipschitz then, for all x € [n]?, we have
h(z) ~ f(x) + Laplace(%) with probability at least 0.99.

e Accuracy for a clumsy client: There exists a constant ¢ > 0 such that for all
x € [n)?, if f(x) <nd and |f(x) — f(y)| < |z —y| for all y € BALLe 105 (), then the
“accuracy for an honest client” guarantee holds.

As in Theorem 30, we emphasize that the differential privacy guarantee holds whether or
not the client is honest. Note that the accuracy guarantee for an honest client is subsumed
by the guaranty for a clumsy client, but we state the former guarantee separately for clarity.

Proof of Theorem 31. Our private mechanism is presented in Algorithm 27. It uses the
following “clipping" operation to truncate the range of a function.

Definition 32 (Clipped function). For any f:V — R and interval [¢,u] C R, the clipped
function f[¢,u] is defined by

f(x)  f(z) €[t u];
f16 uf(z) = § ¢ flx) <6
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Algorithm 27 Binary search filter mechanism M(z, f,¢)

Input: Dataset z € [n]¢, lookup access to f : [n]? — [0,00), range diameter r € R,
adjacency lists access to the hypercube H?, ¢ > 0, and § € (0,1)
Subroutines: Local (1, &)-Lipschitz filter A obtained in Theorem 26
Output: Noisy value h(x) satisfying the guarantees of Theorem 31
set 7 <— min(r,nd) and f < f[0, 7] > If the client is honest then f[0,r] = f.
set t < r/2 and a < Llog(r)log(200log )
for i = 2 to [logr] do

let h(z)  A(z, f[t — 2a,t + 2a]) + Laplace(lo%)

if h(z) € [t — a,t+ ] then

return h(x)

else t < t +sign(h(z) —t) - [r/2"]

return h(x)

Next, we complete the analysis of the binary search filter mechanism. We first argue that
M (Algorithm 27) is (g, 0)-DP. In every iteration of the for-loop, M uses Laplace mechanism
on a function that is 1-Lipschitz with probability at least 1 — &. By Lemma 5.5.1 and an

argument similar to the proof of Theorem 30, each iteration is(lo;, %)—DP. It follows by
Facts 23 and 24 that Algorithm 27 is (e, )-DP.

Next, we prove the accuracy guarantee for the clumsy client. Observe that it subsumes
the accuracy guarantee for the honest client. Suppose f : [n]¢ — [0, 7] and that x satisfies
|f(z) — f(y)| < |z —y| for all y € BALL,(z) (the « in line 2 of Algorithm 27). Then, for all
intervals Z of diameter o, the point x satisfies |f[Z](z) — f[Z](y)| < |z — | for all y € [n]“.
By Theorem 26, A(x, f[Z]) = f[Z](x), which is equal to f(z) whenever f(z) € Z.

Condition on the event that A does not fail and that the Laplace noise added is strictly less
than o in every iteration of M. Then, if h(z) € [t—a, t+a], we must have f[t—2q,t+2a](x) €
(t—2a,t+2a), and therefore f[t —2a,t+2a(x) = f(x). Next, suppose h(x) & [t —a,t+al. If
f(x) < tthen h(z) < t+a« and thus h(z) < t— . Similarly, if f(z) > ¢ then h(z) > t —« and
thus h(z) > t+a. It follows that in every iteration M either continues the binary search in the
correct direction, or halts and outputs h(x) such that |h(z) — f(z)| < a. By the union bound
and the guarantee obtained in Theorem 26, the algorithm A fails in some iteration of M with
probability at most §. Moreover, by Fact 25 and the union bound, the Laplace noise added is
at least «v in some iteration of M with probability at most si=. It follows that for sufficiently

200" :
small 0, the mechanism M outputs h(z) such that h(z) ~ f(z) + Laplace(w) with
probability at least %. O]

5.6 Application to Tolerant Testing

In this section, we give an efficient algorithm for tolerant Lipschitz testing of real-valued
functions over the d-dimensional hypercube H? and prove Theorem 32, which we restate here
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for convenience.

Theorem 32. For all ¢ € (0, 5) and all sufficiently large d € N, there exists an (g,2.01¢)-
tolerant tester for the Lipschitz property of functions on the hypercube He. The tester has
query and time complexity Z_:%do(\/ dlog(d/e))

Our tester utilizes the fact that the image of a function which is close to Lipschitz exhibits
a strong concentration about its mean on most of the points in the domain. Hence, if a
function is close to Lipschitz, it can be truncated to a small interval around its mean without
modifying too many points. This truncation guarantees that the the local filter in Theorem 26
runs in time subexponential in d. A key idea in the truncation procedure is that if a function
f is e-close to Lipschitz then either not very many values are truncated, or the truncated
function is close to Lipschitz.

To prove Theorem 32, we design an algorithm (Algorithm 28) that, for functions f :
{0,1}¢ — R, accepts if f is e-close to Lipschitz, rejects if f is 2.01e-far from Lipschitz and
fails with probability at most 1%—50. The success probability can then be amplified to at least %
by repeating the algorithm ©(1) times and taking the majority answer. Before presenting
Algorithm 28, we introduce some additional notation. For all functions f and intervals Z C R,
the partial function fz is defined by fr(x) = f(x) whenever f(z) € Z and f7(x) =7 otherwise.
Additionally, for all events E, let 15 denote the indicator for the event E. Algorithm 28 runs
the fy-filter given by Algorithm 26 with lookup access to a partial function fz. Our analysis
of Algorithm 26 presented in Theorem 26 is for total functions. In Observation 33, we extend
it to partial functions.

Observation 33. Let & : [n]¢ — RU{?} be a partial function with {y-distance to the nearest
Lipschitz partial function equal to ej,. Let A denote Algorithm 26. Then, for all § € (0, 1),
the algorithm A" provides query access to a Lipschitz partial function g such that g(z) =7 if
and only if h(z) =7, and ||g — h|lo < 2e,. The runtime and failure probability guarantees are
as in Theorem 26.

Proof. Consider z € h™'(?). By Definition 21, V Sj,(z,y) = 0 for all y € [n]?, and hence the
vertex z is not incident to any edge of the violation graph of h. By construction, A"(z) =
h(z) =?. Next, consider the induced subgraph G of H¢ with vertex set V = {x : h(z) #7}.
By Claim 22, the size of the minimum vertex cover of the violation graph of h is at most
|V |en. Tt follows that A" provides query access to a Lipschitz partial function g such that
lg — hllo < €p. The runtime and failure probability are the same as for total functions by
definition of the algorithm. O]
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Algorithm 28 Tolerant Lipschitz tester T (f,¢)

Input: Query access to f : {0,1}¢ — R, adjacency lists access to H?, and ¢ € (0, %)
Subroutines: Local (1, 1—(1)0)—Lipschitz filter A given by Algorithm 26
Output: accept or reject
1: sample a point p ~ {0, 1} uniformly at random and a random seed p of length specified
in Theorem 26
set t < 2y/dlog(d/e) and Z < [f(p) — t, f(p) + 1]
sample a set S of (1222)? points uniformly and independently from {0, 1}
for all z; € S do
if fr(z;) =7 then set y; <7
else set y; < A(z;, p), where A is run with lookup access to fr and adjacency lists access to H?

if |—é| > eies Lin#y: < 2.005¢ then accept
else reject

We use McDiarmid’s inequality [92], stated here for the special case of the {0, 1}¢ domain.

Fact 26 (McDiarmid’s Inequality[92]). Fiz d > 2 and let g : {0,1}* — R be a Lipschitz
function w.r.t. He. Let u, = E,0134[g(x)]. Then, for all v € (0,1),

N
Pr, 013ellg(z) — pg| > v/dlog(d/v)] < i

Next, we introduced a definition which, for each function f, attributes some part of its
lp-distance to Lipschitz to a particular interval Z in the range of f.

Definition 33. Let f:{0,1}¢ — R and C be a minimum vertex cover of the violation graph
of f. (If there are multiple vertex covers, use any rule to pick a canonical one.) For an
interval T C R define €[Z] as |{z € C : f(z) € T}|/2¢.

For a function f, let £ denote the fy-distance from f to Lipschitz. Then ¢ = ¢[Z] 4 ¢[Z]
for all intervals Z. Moreover, since f7 is a partial function defined only on points z such
that f(z) € Z, the distance from f7 to the nearest Lipschitz partial function is at most e[Z].
Using Definition 33, we argue that if 4 < ¢, then with high probability the interval Z chosen
in Algorithm 28 satisfies || fz — f|lo < €[Z] + €. Since €[Z] + £[Z] < &, Lemma 5.6.1 implies
that if || fz — f|o is very close to £, then the distance of f7 to Lipschitz, which is at most e[Z],
must be small. Leveraging this fact, we can approximate the ¢y-distance from f to Lipschitz
using the distance from f to fr and the distance from f7 to Lipschitz.

Lemma 5.6.1. Fize € (0, %) and d > 4. Let f:{0,1}¢ — R be e-close to Lipschitz over H.
Choose p € {0,1}¢ uniformly at random. Set t < 2+/dlog(d/c) and T < [f(p) —t, f(p) +1].
Then || f — fzllo > €[] + 5 with probability at most .

Proof. Let C' be a minimum vertex cover of the violation graph By s (see Definition 22).
Let g be a Lipschitz function obtained by extending f from {0,1}¢\ C to {0,1}¢ (such an
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extension exists by Claim 21). By Fact 26, Pr, (o 1ya[|g(z) — 14| > 5] < £. Notice that if
|f(p) — 1y < & then [uy — £, g + ] € Z. Conditioned on this occurring,

— — €

Pr,[f(x) ¢ I] < ] + Profg(w) ¢ I] < e[Z] + —.

Since Pr,.o1ye[z € C] < g, we have |f(p) — pg| < & with probability at most e +5 < 3. [

Next, we argue that, after boosting the success probability via standard amplification
techniques, we obtain a (g, 2.01¢)-tolerant Lipschitz tester.

Proof of Theorem 32. Fix ¢ € (0,3) and let f: {0,1}* — R and let T denote Algorithm 28.
Define the following events: Let E; be the event that local filter A fails. Set w = Pr,[f(z) #
Az, p)] and w = I_él > e.es Li(en#y:> and let Ey be the event that |w — o] > 5.

Suppose f is e-close to Lipschitz, and let E3 be the event that the interval Z chosen in T
satisfies || f — fz|| > €[Z]+ £. Condition on the event that none of Ey, Es, and E5 occur. Then
fz is at distance at most ¢[Z] from some Lipschitz partial function and, by Observation 33,
A provides query access to a Lipschitz partial function g such that || f — g|lo < 2¢[Z]. Using

the fact that ¢[Z] 4 ¢[Z] < e we obtain

. — € €
w<2[Z]+eZ]+ p + 300 < 2.005¢

for sufficiently large d. Hence T accepts.

Now consider the case that f is 2.01e-far from Lipschitz and suppose neither of the events
E; and F5 occur. Since A provides query access to a Lipschitz function, and the nearest
Lipschitz function is at distance at least 2.01e, we must have w > 2.01e — 555 > 2.005¢. Hence
T rejects.

Next, we show that the events F;, 5 and Fj5 all occur with small probability. By

Observation 33, Pr[E;] < 1. To bound Pr[E»], notice that E[&] = w and Var[w] < ﬁ.
By Chebyshev’s inequality and our choice of |S| we have, Prg[jw — | > 555] < % < s

Moreover, if f is e-close to Lipschitz, then by Lemma 5.6.1, Pr[Es] < . Thus, the failure
probability of T can be bounded above by Pr[E; U Fy U E3] < % + % < %. The success
probability can the be boosted to 2 by running the algorithm O(1) times and taking the
majority answer. Finally, we bound the query and time complexity of tester by bounding the
query and time complexity of 7. The algorithm 7 runs the local filter A with lookup access
to fr, a function with range Z of diameter O(y/dlog(d/¢)), and sets A’s failure probability

o 1 . . . . .
to 0 = 755 Consequently, Observation 33 implies 7" has query and time complexity bound of

6L2dO(\/dlog(d/€))_ n
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